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Abstract 

From a general study of the relations between models, meaning the 
variables with their mathematical properties, and the measures they rep- 
resent, a new formalism is developed, which covers the scope of Quantum 
Mechanics. In the paper we prove that the states of a system can be rep- 
resented in a Hilbert space, that a self-adjoint operator is associated to 
any observable, that the result of a measure must be the eigen value of the 
operator and appear with the usual probability. Furthermore an equiva- 
lent of the Wigner's theorem holds, which leads to the demonstration of 
the Schrodinger equation, still valid in the General Relativity context. 

These results are based on general assumptions, which do not involve 
any hypothesis about determinism, the role of the observer or others usu- 
ally debated. 

The formalism presented sustains the usual "axioms" of Quantum Me- 
chanics, but open new developments, notably by considering localized 
variables, functions and sections on vector bundles and their jet exten- 
sions.. 

After almost a century the interpretation of quantum mechanics stays a 
largely open subject. If, for most of the workers who use it everyday, this is not 
a matter of concern, the unending flow of papers on this topic shows that, for 
some people at least, this is an issue. Rightly so, because, whatever one's philo- 
sophical belief, one cannot feel comfortable with a successful scientific theory 
which, according to some of the most authorized voices in physics, is beyond our 
understanding. And a scientist cannot truly be convinced by the usual argument 
: "It works, so we have to accept it". The capability to provide experimentaly 
verifiable predictions is not the only criterium for a scientific theory. A "black 
box" in the "cloud" which answers rightly to our questions is not a scientific 
theory, if we have no knowledge of the basis upon which it has been designed. A 
scientific theory should provide a set of concepts and a formalism which can be 
easily and indisputably understood and used by the workers in the field. And 
this leads to look for a theory which helps us to describe, understand and as far 
as it is possible, explain, the world we live in. 

It would be preposterous to try to refute of simply to interfere in the fierce 
debate which has involved the greatest scientists of the past century. So, let us 
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say that I step aside the philosophical debate, even if, for the sake of clarity, I 
need to say that I side with a realist interpretation of physics, meaning that there 
is a physical reality which exists independantly of our beliefs or "conscience". 
My focus is more limited. From a rc^alist point of view, a theory itself can 
be seen as an object of its own. A physical theory is a construct, in which 
some phenomena are singled out, are given a representation in some formal 
system, with the double purpose to explain why and how the real world works, 
and to make predictions. The validation of a theory comes from a process of 
rational and objective experimentation in which the predictions are confronted 
with the measures, taken as they are, but always interpreted in the format of 
the representation of the theory. So, between the big discourse about physical 
laws, which identifies atoms, fields, forces,... and the brute collect of data there 
is an intermediary step in which the concepts and the data are formated in order 
to be usable. And this format, even if it is hidden from the view of the large 
public because its understanding requires specialized knowledge, plays a central 
role in the acceptance and usage of a theory. This step is what I call a model, 
based upon some general concepts, but translated in a workable formal system. 
The most illuminating model is the atomic representation used in chemistry. A 
set of symbols such as : 

H2 + H2O + 2SQkJ/Mol 

tells us almost everything which is useful to understand and work with chem- 
ical experiments. 

The analysis of formal systems is most advanced in mathematics, where 
mathematical logic has helped to understand (and correct) the consistency and 
formalization of the theory of sets or arithmetic. 

In physics the formal system relies almost exclusively on mathematics, where 
physical objects and their properties are represented by mathematical objects 
with their corresponding properties. And it is clear that progres in physics has 
been closely related to the advances in mathematics, which provide a larger 
collection of representation. Classical mechanics could not have been devel- 
opped without the derivative and integral calculus. General Relativity without 
the concept of manifolds, and the Standard Model without the support of the 
representation of groups. 

So where do we stand in Quantum Physics ? The question is a bit muddled, 
as any student discovers in the many "introductory books" on the subject, by 
a constant mixing of physical experiments and formal systems, where it is not 
always easy to understand if the formal system validates the experiments or the 
converse. So he can be told that the position and the momentum of a particle 
cannot be simultaneously measured because their operators do not commute, 
but if he asks why it is not so at a macroscopic level, he faces a long explanation 
which sums up usually to "this is the quantum world", understand the magic 
kingdom. 

Actually, "Quantum Physics" encompasses several theories, with three dis- 
tinct areas : 

i) The duality matter / wave : the indisputable fact that particles can behave 
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like fields which propagate, and conversely force fields can behave like pointwise 
particles. This departure from the classical "picture" (say Newtonian mechanics 
and Maxwell's electromagnetism) requires a new formalism, that is certainly well 
rendered by the "quantum mechanics" proper, but goes far beyond. The string, 
brane, or quantum loop theories illustrate the need for a new model for the 
world of particles. The "spin" of a particle is a phenomenon which requires 
similarly a new theoretical foundation (probably linked to the first one). 

ii) The "quantum mechanics" (QM) which is presented in all the books on 
the subject (such as summarized by Weinberg) as a set of "axioms" : 

- Physical states of a system are represented by vectors in a Hilbert space, 
defined up to a complex number (a ray in a projective Hilbert space) 

- Observables are represented by hermitian operators 

- The only values that can be observed for an operator are one of its eigen 
values Afe corresponding to the eigen vector ipk 

- The probability to observe Afc if the system is in the state tp is proportional 

to 

- If two systems with Hilbert space Hi,H2 interact, the states of the total 
system are represented in Hi H2 

- The Schrodinger equation 

iii) The " Quantum theory of fields" (QTF) which is broadly an adaptated 
application of the previous theories to interacting particles, and is summarized 
in the standard model. 

These three aspects are entangled, for historical, practical and pedagogical 
reasons, but are distinct. Whatever their success as a predictive tool, QM and 
QTM cannot alone explain the duality matter / field, and the fact that the basic 
axioms of QM should apply to any system is still a matter of puzzlement. 

In this paper I will focus on Quantum Mechanics proper, that is the set of 
axioms which sustain the models developped for studying the atomic and sub- 
atomic world. My purpose is to look for a logical and physical basis for these 
axioms. So I will stay on the most general level of physics, meaning a "system" 
which could be any object of the study of a physicist. 

It is clear that, in its common and usually practiced form, Quantum Mechan- 
ics is not fully satisfying for any soul in quest of mathematical correctedncss. 
In order to improve the formal side of Quantum Mechanics, most, if not all 
the studies, have followed the path of an algebraic construct, whether in the 
general picture (Bratelli, Araki and others) or in the quantum theory of fields 
(Halvorson and others) . In this framework the focus is moved from the Hilbert 
space to the set of observables, and indeed a system is itself defined through 
the algebra of its observables. This provides a more comfortable background 
to develop a mathematical theory, notably with respect to the always sensitive 
issues of continuity, and many results that are certainly useful. But this ap- 
proach has a foundamental drawback : it leads further from an understanding 
of the physical foundations of the theory itself. To tell that a system should be 
represented by a von Neumann algebra does not explain more than why a state 
should be represented in a Hilbert space at the beginning. The sophistication of 
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the mathematical wrapping docs not improve the understanding of the founda- 
tions of Quantum Mechanics : in both cases the axioms are just that, they are 
granted. And actually they are more muddled. There is no use to repeat that 
"the experiments validate the theory" : as long as the thciory does not tell us 
why and how (other than through a philosophical discourse) it does not work 
at a macroscopic scale, it is not validated, indeed it is invalidated daily. 

The approach in this paper is, in some ways, the opposite. We will focus 
on the interaction between measures and formal representations of a system. 
And to do so we will stick mainly to the common presentation of Quantiim 
Mechanics, which, besides its formal imperfections (which are not my concern), 
is closer to the physics as it is done every day. We will just try to understand 
what lies besides the narrative which begins with something like "Let be a 
system,..." and later goes on by "let be X,Y, Z the fields,...". As this is the 
universal presentation of any physical experiment, it should deserve more than 
a putative glance. And from the study of the relations between experiments and 
formal physical theory, in the most general context, we will prove the following 

- the state of a system can be represented in an afhne Hilbert space 

- if two systems interact it is possible to represent the states in the tensor 
product of the Hilbert spaces 

- to each observable is associated a self-adjoint operator 

- the results which can be obtained through an observable belong to the 
vector space of its operator, and they appear with a probability \{ip,'ipk)f 

- an analog to the Wigner's theorem holds for any gauge transformations 
between observers 

- the Schrodinger equation holds in the General Relativity context, and the 
presence of a universal constant such as h is necessary 

Many theorems will be used in this paper. They concern a broad range of 

mathematical topics. So it is convenient to refer these theorems to a compendium 
of mathematics, that I have published recently. They are cited as (JCD Th. 
XXX). 



1 DEFINITIONS 

It is necessary to introduce some definitions to set the picture in which we will 
work. 

The process of measure, meaning of going from a physical system to a an 
understanding of the results, comprises several steps. 

^ , Measure -r^ , Assignation.. , , , Interpretation „ i , i 

bystem — )• Data — )• Model tormal theory 
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1.1 System 



Many statements in physics start with the word "system". Its ubiquituousness 
requires some precisions. 

A physical system is a deUmited area of the universe, including all the phys- 
ical objects that it comprises. A physical system changes with the time. We 
assume that it can be observed at different times (not necessarily continuously) , 
so that its identity is preserved : this is always the same system that is observed 
(with possibly all the alterations that can occur within) . Moreover the measures 
always occur at some time : its evolution is followed by a sequence of measures. 
The measures can be related to a phenomenon or to its evolution, but in any 
case it is always assumed that they are done at a given time. 

1.2 Model 

To describe the system the physicist uses a model : this is a finite set of quanti- 
ties - the variables - related to identified physical phenomena occuring in the 
system, which could be measured. So a physical model relies on a choice : it 
does no include everything, the choice may be relevant or not. 

The variables are the crux of the picture. In one hand they define the frame 
which is used to collect and organize the data, on the other hand they are 
mathematical objects with a precise definition in some formal theory. 

The purpose of the model may be to know the initial data prior to an experi- 
ment (in this case no relation is assumed between the variables), or to check the 
validity of the forecasts of some theory. In this case the variables arc supposed 
to be linked, but the outcome of the measures is taken as it is, meaning that 
their analysis with regard to the theory (checking that the assumed relations 
hold) is another phase which is not in the scope of the present paper. Here we 
focus on the relation between variables and measures and the variables can be 
considered as independant. 

The model of a system may or not include the external actions on the system 
: this is up to the physicist who defines the system, and if they are included 
they are variables of the model, subject to possible measurements. 

Data, coming from measures, are assigned to each variable. It is assumed 
that there is no " intermediary variables" , meaning a variable the value of which 
is computed from other variables, as they would be useless in this framework. 

If the measures are related to the change of some phenomenon the variables 
are the rate of change at a given time (the value of their derivative). 

The measures are supposed to be possible, in the meaning that they are 
related to observable phenomena and their outcomes are real figures. 

A conflguration of the system is the set of all the measures that can be 
possibly obtained with a model, even if all these measures are not usually made. 
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1.3 Variables 



Each variable of the model is described in some formal system, and we assume 
that it is represented by some mathematical object having precise properties 
(such as tensoriality, regularity,...). So they are maps which acquire a definite 
value (meaning real figures) for a configuration of the system. A configuration 
is a (huge) set of raw data, and a state of the system is the organized set of these 
values, where the figures have been assigned to their respective mathematical 
objects. 

The number of variables is finite, say N. So we have a family (S„)^^-^ of 
variables, attached to a family of procedures (fnjn^i > which are designed to 
assign to the variables the values of the measures of any configuration. 

The variables of the model can be sorted according to their range and their 
domain. 

Range : Some variable can take only a finite set of values. Other variables 
can take continuous values, either as scalars or as components of some tensorial 
mathematical objects. 

Domain : Some variables are related to the whole of the system or to specific 
objects singled out in the system. Others are localized, meaning that their 
domain is an uncountable set of points, and so they are represented by functions. 
In particular this happens whenever ; 

- a force field is involved : by definition its extension is all over the spatial 
area of the system, so the possible measures cover the value of the field at each 
point 

- particles (or whatever objects which are deemed localized) are involved, 
which are either indistinguishable, or can be subjected to a transformation which 
is deemed significant. Then the measures should include some procedure telling 
which kind of particle is present at each location 

1.4 Assignation 

Whenever a variable is a function the assignation process comprises two steps : 
the collection of the data, and the estimation of the function from these data, 
usually by some statistical method from a sample of data. However the size of 
the sample is not limited a priori and the effective value of the variable could be 
measured in any point. If some precise specification is assumed for the function, 
say that it depends on a finite number of parameters, these parameters are the 
variables, but then the specification is deemed pertinent (it is not checked in the 
model). In the other cases the specification is limited to the appartenance to 
some family of functions, chosen usualy with regards to its regularity (such as 
continuity). The description of the function by some parameters is then done 
in another step. The meaning of the representation is that the observed value 
should be consistent with the choice of the function. If a field is supposed to be 
constant in the area of the system then its measure shall always give the same 
result whatever the location of the measure. 
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In the following wc assume that the variables are cither discrete variables, 
taking a finite number of values, or "continuous" variables that can be repre- 
sented as vectors of a vector space, possibly infinite dimensional. The latter 
class includes variables (defined for single objects or the system) or functions 
with values in a vector space. 

Functions which take discrete values may enter this picture, if it is assumed 
(in accordance with the usual experimental process) that a continuous function 
is first measured, then adjusted to a family of step functions (with constant 
value on some domain). Then they are considered here as continuously valued 
functions. 

1.5 States 

A state of the system is described in the model by a finite set of variables, 
discrete or continuous, and a finite set of functions which represent the variables 
whose output is an infinite mimbcr of measures. By the assignation process the 
physicist goes from a configination (the set of raw measures) to a state (an 
organized set of mathematical objects which have precise values). 

The pictiirc is very similar to any model of statistical mechanics with an 
infinite number of " degrees of freedom" . The difference here is that we do not 
involve any lagrangian or similar law linking the measures. In quantum me- 
chanics it is usual to introduce a "wave function" -0 (x) to represent a particle. 
Without entering the debate about the quantity that could be measured, in the 
model it should appear as a function with the proper mathematical charac- 
teristics, so belonging to an infinite dimensional space of functions. 

1.6 Example 

The system is composed of a particle with its position q in some region Cl and 
momentum p, spin component s, in a force field F. 

The set of configurations M is all the conceivable measures of s (say an 
integer), q and p (say the components of 3 vectors in some frame), F (the 
components of a vector at each point of ft). So M is a (huge) set of figures, a 
small part of which is effectively known (but any measure could theoretically be 
done). 

The set of states Eq is a subset of the product of two vector spaces (one for 
each value of s) such as : x x Cb (ri; R^) where Cb (fJ; M^) is the space of 
bounded functions on fl valued in R^. 

It is clear that the association between a measure (made by some complicated 
procedure ip) and a variable is founded on a formal model, which brings some 
order in M. 
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2 HILBERT SPACE 



In this first section we will prove that the state of the system can be represented 
in a Hilbcrt affinc space. The system is studied from a static point of view (there 
is no evolution involved). 

2.1 The Hilbert space of states 

We need to distinguish discrete and continuous variables. In a first step we 
assume that there is no "discrete" variables. 

2.1.1 First proposition without discrete variables 

Proposition 1 Whenever the measures on a system involve a function, without 
any discrete variable, the set of states of the system can be embedded as an open 
connected subset Hq of an infinite dimensional, separable, real Hilbert space 
H, defined uniquely up to isomorphism, and there is an open convex subset, 
containing 0, such that its vectors represent states of the system. 

Proof. 

i) Let us denote M the set of possible configurations of the system corre- 
sponding to continuous variables. Each configuration is described in the set of 
maps {>fin)n=i whose values are scalars or functions, corresponding to a state of 
the system. Without loss of generality we can assume that whenever a variable 
is a function, this function belongs to a Banach vector space : the space of 
bounded, or continuous, or with compact support functions, the latter happen- 
ing as the geometrical area covered by the system is bounded. So the set Eq of 
the states of the system is some open subset of a Banach vector space E. 

The procedures {(fn)n-i used to do the measures are assumed to cover all 
the possible configurations, possibly by combining several procedures addressing 
specific ranges of values. And when different procedures are used on the same 
subset Mq of configurations, it is assumed that there is an unambiguous way (a 
calibration) to convert the measures done with a procedure ni into the measures 
done with a procedure n2 on the same subset Mq. 

So the set M of configurations has the structure of a manifold modeled on 
the Banach vector space E. Whenever a function is involved, the manifold M is 
infinite dimensional, and if not it is finite dimensional. 

iii) Because of the imprecision of the measures, the physicist introduces some 
kind of granularity in the set M. It can be done by several methods, but they 
amount to the definition of steps of tolerance. Around each result of a measure a 
collection of neighborhoods is defined, with the purpose to assess the proximity 
of states. This collection is usually finite, but it suffices that it is countable. 
This collection generates, by union and finite intersection, open subsets and 
defines a topology which is second countable (JCD Def.551). Therefore M is 
separable (JCD Th.555). It is reasonnable to assume that this topology is also 
regular, meaning that for any point p of M, closed subset C of M, there are 
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open subsets 0,0' such that : p e 0,C C O' ,0r\0' = (JCD Def.556). Being 
separable and regular M is also metrizable (JCD Th.585). Because the number 
of charts {fn)n=i is finite E is also separable. 

iv) From there the Henderson theorem states that, if M is infinite dimen- 
sional, it can be embedded as an open subset Hq of an infinite dimensional 
separable real Hilbert space H, defined uniquely up to isomorphism. There is a 
countable, locally finite, simplicial complex K such that M is homeomorphic to 
[K] X H . Moreover this structure is smooth and the set H — Hq is isomorphic to 
H, dHo is homeomorphic to Hq and Hq (Henderson, JCD Th.l324). So H — Hq 
is connected and its complement Hq is also connected. If M is finite dimensional, 
say N, it can be embedded in which is a finite dimensional Hilbert space. 
And we come back to the classical picture of statistical mechanics with a finite 
dimensional configuration space. 

v) Let us denote () the scalar product on H (this is a bilinear symmetric 
positive definite form) and |||| the associated norm. The map : Hq ^ ^ {u,u) 
is bounded from below and continuous, so it has a minimum Uq in Hq that 
we call a " ground state" . By translation of Hq with uq we can assume that 
belongs to Hq. There is a largest convex subset of H which contains Hq, defined 
as the intersection of all the convex subset contained in Hq. Its interior is an 
open convex subset C. It is not empty : because belongs to Hq which is open 
in H, there is an open ball Bq = (0, r) contained in Hq. m 

2.1.2 Complex structure 

Proposition 2 The set H can be endowed with the structure of a complex 
Hilbert space 

The Hilbert space H has the structure of a real vector space. Any infinite 
dimensional real vector space admits, on the same set, a complex structure (JCD 
Th.313) J G £ {H; H) : J"^ = —Idu which, combined with the scalar product, 
can define a hermitian, definite positive sesquilinear form 7 (u, v) on H, making 
it a complex Hilbert space. 

Proof. 

H has a countable hilbertian basis (ea)^^^ because it is separable. 
Define : 

J (£2a) = £2a+i; J (e2a+l) = —S2a 

WiP e H : itP = J {^j) 

So : i (e2a) = £2a+i; » (£2a+l) = —£2a 

The bases £2a or £20+1 are complex bases of H : 

V' = Ea V''"e2a+V'"+'e2a + l = Ea (V''" " ^2. = ("^V''" + ^2a+l 

Thus e2a is a hilbertian complex basis 
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H has a structure of complex vector space that we denote He 

The map : T : H ->■ He : T (tp) = J^a (V'^" - iip'^"^'^) £2a is linear and 
continuous 

The map : T : H ^ He :T {ip) = J^a (V"^" + «^^"+^) £2a is antilinear and 
continuous 

Define: 7(V',V'')=5(r(V),T(V')) 
7 is sesquilincar 

7 (V', = 9 (Ea (V-'" + *^'"+') e2a, Ea (V'"" " £2a) 
= Ea (V-^" + (V''^" - #'^"+^) 

= Ea ^^"V-'^" + + « - 

7 (V', V) = ^ 5 (V', V') = ^ V = 

Thus 7 is definite positive ■ 

This does not impact the measures which are always supposed to be real. 
The complex structure is more a convenience, for mathematical purposes, than 
a physical requirement. 

2.1.3 Second proposition including discrete variables 

Proposition 3 Whenever the measures on a system involve a Junction, and 
discrete variables taking d values, the set of states of the system can be embedded 
as d open connected subsets H^ of an affine space, modelled on an infinite 
dimensional, separable, real Hilbert space H, defined uniquely up to isomorphism. 

Proof. 

i) Now we assume that there arc n discrete variables {Dk)^_^ and d^ possible 
values for each. Denoting these values by consecutive integers : 1,2, ..dk the 
possible configurations of the system are any combination {ii, ^2, ••, , ife € 
{l,2,..,(ife} that is a total of d=di x d2 x ... x dn different states. So we can 
consider a single discrete variable D taking the values k = l,2...d 

ii) It will be convenient to represent D as a vector in each value of D 
being represented as a vector of the canonical basis of C*. 

iii) By definition the system is in one of the configurations given by the value 
X of the variable D, and the value of the other measures, which are common. 
Within each of these discrete configurations the previous result holds : the con- 
tinuous variables are represented by a vector tp belonging to an open, connected, 
subset Hjt of the same Hilbert space H. 

As above we translate H^ such that the minimum of (u, u) is 0. 
By the Zorn lemna we can pick up any d vectors {vk)'l^^i orthonormal to 
represent the values of D by a vector e H. 

iv) We can identify a state of the system as a couple {ipd,'^) of vectors of 
H. It is convenient to define on the set {ipd,ip) the structure of affine space H 
modelled on the Hilbert space H: 

Define the map : ^ : {H x H) x {H x H) ^ H :: {u,7p) ,{u' ,7p'] = V' - V 
It meets the required properties : 
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iui,1pi) , {U2,1p2) + (W2,V'2),(M3,V'3^ + (^3, V's) , V'l) = V'2 - "^l + V'S " 

V'2 + -01 - -03 = 

For 0) fixed, the map : t : H ^ H ■.: t {v) = {u,tj) + v) ]s a. bijection. 

With this structure the ground states corresponding to D = x are repre- 
sented by a point with first coordinate ipd — and the set of states {vjt, H^) 
is an open subset H,^ in the hyperplane {Gi^^H^) .We have a collection of d 
open, connected, subsets H^t of the afiine space H modelled on the Hilbert space 
H. ■ 

It is clear that this construct is quite artificial, and that many parameters 
are our choice. However this is a convenient representation, notably to define 
"subrepresentations" (related to a part of the discrete variables) and the scalar 
product of the vectors of two ground states (f/'d, V'd)- And it fits well with 
the representation used for the continuous variables. Moreover we keep the 
important property that is an open subset of the afiine Hilbert space. 

2.1.4 Structures involved and notations 

For each non discrete measure E!„ the results belong to an open subset Eq of a 
Banach vector space E„ and 'E=(Bn=iEn- 

An atlas of the manifold M is given by an open cover (Oa)„g^ of M, and 
a collection of maps (<&a)ag^ '■ '■ Oa ^ E where = {ipan) is a set of 
measuring maps. The sets : -E^ = (Oa) are open subsets of the Banach 
vector space E. 

The embedding of M is the diffeomorphism : i : M ^ Hq C H . So the map 
'■ '!^a '• Oa ^ H :: ip = TTa {xa) = lo {xa) is a diffeomorphism. 

M h-Ah- Eq 
i 

i 

Ho 

The manifold M has a the structure of of a smooth Hilbert manifold, so 

there is an atlas such that the maps are smooth. 

Another set of procedures {'^'p)^_-^ induces on an atlas (O^, <&{,)f,g5) 

which is compatible with the atlas (i?, {Oa, '^a)aeA) > ^'^^ t^vts defines the same 
structure of manifold, if and only if : V (a, fo) G ^ x B, Oa n 0[, 7^ the map 
^6 ° ^ is * diffeomorphism on E'l^dEa- Then H^^, H'^ are diffeomorphic, and 
H,H' can be identified. 

Because i is a diffeomorphism, a measure S„ can be seen as a map : S„ : 
Hq — >■ En (with the awareness that E!„ is formally defined by different, com- 
patible, charts, on an open cover). So in the following a chart X will be seen 
as a map : X : Ho E and the subset i?o of the affine Hilbert space H will 
be called the set of states of the system. When a variable is a function, the 
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value S„ (ip) is a function belonging to the family of functions En with domain 
in some set. 

The association Hq ^ E is not unique : any chart X defines a different asso- 
ciation. The same point in H can be read as different vectors x of E, depending 
on the chart used. Conversely a set of measures x of E can be associated to 
different vectors tp of H, depending on the chart. In the following we will use 
the latter point of view. 

A complete set of measures is comprised of X (valued in E) and D (valued 
in {D}=l,2,...d). The set of states has the structure of a subset Eq of a Banach 
affine space E modelled on the Banach vector space E. The set of open subsets 
(^H^^ ^ H with = (v^, is an open subset of H denoted Hq. 

2.1.5 Comments 

1. Each subset is connected, but not necessarily convex. The usual oper- 
ations of a vector space are available in H but it can happen that their result 
lays out of H^. 

2. The topological considerations are crucial in the proof, and the separabil- 
ity of the model is a direct consequence of the granularity of the measurement 
procedures. 

4. The space H has no physical content or meaning, it is only a part of 

the formalism which is used. The evolution with the time of the vector ?/' 
representing the state of the system, which is seen further below, has nothing 
to to with any kind of propagation. 

2.2 Linear charts 

The charts X : Hq ^ EqAo exist and are defined by the practical association of 
data and states of the system, but usually are not formalized by the observer. 
So in order to be able to use H we need some formal way to associate vectors 
of E and vectors of H. As the choice of compatible charts does not matter, it is 
handy to find linear charts. We prove now the following: 



Proposition 4 For any chart X : Hq ^ Eq and basis {ei)^^J there is an inner 
product on E such that : 

- there is a unique orthonormal basis {ei)^^j on E, and a unique hilbertian 
basis of H with X (ej) = Cj 

- the m,ap : T : E ^ H :: T (X^ie/ 2?*ei) = X^ie/ ^'^j " linear isom,ctry 

- any vector ^ € H can be written : ip = 12iei i'Pij^) h (^»)ie/ 
uniquely defined vectors of H 

For each value of the discrete variable there is such a linear map T ^ and the 
collection ^) is an affine atlas for Hq 
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Wc will use the following result (see Neeb p. 60, 61 and JCD Def.1155 for 

more) : 

If F is a Hilbert space of functions : F C with domain any set and valued 

in C or R such that the evaluation maps : Vx G E : Fx : F ^ C :: (/) ~ f (x) 
are continuous, then F^ G F' (the dual of F) and has an associated vector : 
-Fx e F : {Fx J) = Fx (/) = f{x) and the function : K : E x E ^ C :: 
K{x,y) — {Fx,Fy) — Fx{Fy) = Fy{x) is a positive kernel, in the meaning 
that for any finite subsets {xp,yp)p^-^ the nxn matrix [K{xp,yp)] is hermitian, 
positive semi-definite and \K (x, y)\ < K {x, x) K{y, y) 

Moreover if K is a positive kernel on E and X is any map : X : H ^ E on 
any set H, then X*K {tp, tp') = K {X (tp) ,X {ip')) is still a positive kernel. 

Proof. 

At first we consider the continuous variables, for a fixed value of the discrete 
variables. 

i) The Hilbert space H has a positive definite kernel : P : H x H ^ C :: 
-P('0i,V-'2) = ("01 J "02) • Thus, for any chart X, the function : K : x — >■ 
C :: K {X {tpi) ,X {tp2)) = P{'^i,'^2) = (V'l) V'2) is positive definite on M, and 
we have a triple (M, X~^,H) . Its canonical realization is the Hilbert space Hk 
of functions Kx : M — > C :: Kx (y) = K {x,y) where x,y G M which has for 
scalar product : {Kx,Ky)^^ = K {x, y) = {X'^ {x) , X'^ {y)) ^ 

So : VV.,V, e H : Kx(^^){X {i,y)) = (X (V,) , X (V^)) = (Vx,Vy) = 

ii) Let (ei)jgj be any usual basis of the vector space E (so only a finite 
number of components are non null), and assuming that the vectors ej e M, 

denote Si = X~^ (e^) EH. K is definite positive and hermitian, so Ke^ (ej) = 
{ei,ej) = Kij defines a positive definite hermitian sesquilinear form on E : 

The vectors Si are linearly indcpendant, because the determinant det [(e^, Ej)]- 
is non null for any finite subset J of 1. 

Let Hi = Span {ei)^^j be the closure of the vector subspace of H generated 
by the family (£i)iG/ ■ ^^^^ ^ closed vector subspace of H, thus a Hilbert space. 

By the Ehrardt-Schmidt procedure it is always possible to define an or- 
thonormal basis (£i)j£/ of Hi with Ej = Lsi € Hi defined up to a unitary 
transformation U : U*U=Id : {Uei,Uej) = {ei,U*Usj) = {si,Sj) .The subset 
Hq contains a convex subset C of 0, thus we can assume that e Hq and there 
is Ci = X (£j) which is an orthonormal basis = Lci of E. A vector X G E 
has for coordinates in this new basis : X = J2iei -^'^^ ~ Sie/ where only 
a finite mimbcr of components P is non null. 

We have the following diagram : 

x-^ L ~ X ~ L-^ 

Ci y Ei V Ei y Ci Y 6j 

X-^ oLoX = L 
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L, L are related 



{e,,e,)^ = 6,,^{[Lr[K] [L])\ 

So there is a unitary map U such that : L = [L] [U] : 



[U] = [L]- 



L 



[UnU]=\L\ [L-^TlL]-' 



L 



L 



[L-^Y {[L]*[K][L]) [L]-' 



L 



L 



[K 
L 



L 



= [L]. 



and it is possibe to choose such that 

Then [K] = [L]*'^ [L]'^ ^ [K]'^ = [L] [L]* 

iii) The map : tt : €^ (/) — > Hi :: tt/ (y) — J^ieiU^^i isomorphism of 

Hilbert spaces and iV^- G -ffi : = Eie/ {si,'^^) H^i (J^D Th.l084). 

Define the map : -k : E ^ :: -k (X^jg/^'Cj) = where Mg the 

subset of the set of maps 7 — )• M such that only a finite number of components 
is non zero. It is bijective. 

Ml C f (I) so the map : T = w o ir : E ^ Hi :: T x%) = Y^i&i x% 

is well defined. It is linear, injcctivc, continuous with norm 1 with respect to 
the norm induced on E by K. It preserves the scalar product : 

(S^ie/ Sie/ y^^i) E ~ '^ijei ^o)e 
Thus yX € E -.x' = {ei,r {x)}jj 



Moreover T (cj) = ej 



L- 



E 



L 



iv) Let p be the orthogonal projection of 7f on Hi : ||V'— = ^^^ueHi HV" ' 
Then : ip = p + o (ip) where o (i/') € Hi is the orthogonal complement 

of Fi : 

= Eie/ (ei,ej) + fe,o(V')) = (ei,V')_f/ + (ei,o(V')) = 

There is a convex subset C of H containing which is contained in Hq. 

There is r>0 such that : y-ip G H : \\ip\\ < r ^ tp € Hq and as = 

\\pWf + \\oWf we have p (V') , o (V') G i?o.Then : 

Vi e / : (^•^, o(V))ff = K (e„X (o (tA))) = ^ X (o(V')) = ^ = 
Thus i?i is dense in H and as it is closed H=iJi , the map T is an isometry 

and VV' G H : ^ = p {tp) e Hi. The basis (e^jg/ is a hilbertian basis of H. Any 

vector ip G H can be written : ip = Eigj (^i^i') ^iei K^»'V')ij|^ < 

v) For any je / : 

{ei,'ip)HSi = {L (e,) ,V')jji(ej) = Ejfee/ (W {^j,'^}H^k 
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with [K]~^ = [L] [L]* and [K]* = [K] 

Let us denote : = X^ie/ {[^] . then any vector tp G H can be 

written : ip = X^jg/ (£i, V')h ^» — Ylii^i h series is absolutely 

convergent. 

So Vx G S : T x'e^) = Ei^i x'e, with = ^ . 

vi) The chart T^^ : H ^ E is compatible with X because X oT : E ^ E :: 

X oT {J2iei = (^zei ^*^») ~ ^ (J^iei ^® ^ diffeomorphism. 

vii) This procedure holds for any subset H^. D is, by construction, a bijective 
map with the ground states D {0^) thus we have a collection (Tj^)^^-^ of afBne 
maps for Hq. ■ 

2.2.1 Additional results 

We have additional results which are used in the following. 

1. For any vector of E : a; = X)ie/ ^^s, where only a finite number of 
components P is non null. So the series x = X^ie/ ^^^i is absolutely convergent 
in the Banach space E, and because T is linear the scries T {^^iei ^^^i) = 
X^jg/ x''£i is absolutely convergent in H. Conversely for any summable series 

3^p e H -.ye > 0,3J C I,card{J) < oo^K C J : ||E»gk2:*£» - ^\\ < e 
the series X^j^j x^Ci is summable in E, because ||T|| = 1 and as I is countable, 
both series are absolutely convergent in E (JCD Th.954) 

2. We have the relations : {(j)j,ek) = Sjk because : 

2.2.2 Comments 

These linear charts are crucial in the following of the paper. Some comments 
are useful. 

1. The structure of manifold M of the set of "raw data" is hidden to the 

observer. The chart X : H ^ E docs exist formally, but is not known to 
the observer. As for any manifold, any chart can be used to identify a point 
of M. The choice of a linear chart sums up to associate to a set of measures 
X = X^ie/ ^ state : ijj = T (x) = X^ie/ ^'^i • The map T is uniquely defined 
by the chart X and the basis {ei)^^j and tp is uniquely defined by cc* = {4>i,ip} ■ 
Of course the states tpi = X~^ (x) and '02 = T {x) are not the same (except 
for X = ei) , but T respects the structure of manifold, through the associations 
Si = X~^ {a) and Si = J2i jei t-^li which are characteristic of M. 

2. The linear chart is built through an association between components of 
vectors in coordinated bases in E and H. Once a basis has been decided in E, 
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the key vahics arc the components , which appear both in the measurement 
process and the identification of the states in H. 

The relations which occur in a change of basis are seen in the next section. 

3. Using the linear chart, to each vector Vk is associated a vector Vk = 
{vk) G E thus the condition ipa G (u/c)fe=i reads Xd = {ipd) G {vk)k^i 

2.3 Product of systems 

2.3.1 Decomposition of the Hilbert space 

Proposition 5 If the model is comprised of N continuous variables {'Sk)k=i ) 
each belonging to a Banach vector space Ek, then the real Hilbert space H of 
states of the system is the Hilbert sum of N Hilbert space H = ©^j^iJ^ and any 
vector ip representing a state of the system is uniquely the sum of N vectors tpk, 
each image of the value of one variable Ek in the state ij) 

Proof. 

N 

By definition E = W^Ek .The set El = {0, Ek, ...0} C E is a vector 

k=l 

subspace of E. A basis of E^. is a subfamily {ei)i^j^ of a basis {ei)^^j of E. E^. 
has for image by the continuous linear map T a closed vector subspace Hk of 

N 

H. Any vector x of E reads : a; G JJi^/c : x = J2k=i ^ieik ^^'^ 

fe=i 

image by T : -0 = T (a;) = J2k=i T,ieik = Ylk=i V'fe with Vfe G Hk .This 
decomposition of T {x) is unique. 

Conversely, the family (ei)^gj^ has for image by T the set {ei)-i-j^ which are 
linearly independant vectors of Hk-lt is always possible to build an orthonormal 
basis {ei)^^J^ from these vectors as done previously. Hk is a closed subspace of 
H, so it is a Hilbert space. The map : nk ■ (Ik) — Hk :: TTfc (x) = J2ieik 
is an isomorphism of Hilbert spaces and :yip G Hk : ip = Sie/s. h 
The vector subspaces Hk are orthogonal : T is an isometry, and 
VVfc G Hk,i^i GHi,k^l: {i>k,i>i)H = (T-^ (V'fe) (VO)b = 
Any vector tp & H reads : tp = X^feLi W with the orthogonal projection 
TTk ■ H ^ Hk TTk {ip) = J2ieik (^»' ^» ^ Hilbert sum of the H^ ■ 

As a consequence the definite positive kernel of (E,T) decomposes as : 
K {{El, ...En) , {E[, ...E'j^)) = Y.k=i Kk{Ek,E'^) = J2k=i i^k) {%))h 
This decomposition comes handy when we have to "translate" relations be- 
tween variables into relations between vector states, notably it they are linear. 
But it requires that we keep the real Hilbert space structure. 

2.3.2 Interacting systems 

Position of the problem 

In the general assumptions above the system is not necessarily isolated. If 
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there is an action of the "outside" onto the system, this action must be accoimted 
for among the variables : it is subject to measures and has no special status. 

If there are two systems S1,S2 which interact with each other, then one can 
consider the two systems together, that is the product Si x 5*2 of the models. 
We keep all the variables as they were, the manifold of the configuration is the 
product of the manifolds, we have a new Hilbert space, which can be identified 
to the Hilbert sum of the previous spaces, according to the result above. 

However to account for the interactions, in each model of >Si, ^2 we need to 
introduce the variables Zi , Z2 which account for the external action. It seems 
logical to drop these variables, and to consider a model of the interacting systems 
that we denote S'1+2 by keeping only the variables which are specific to each 
system. We have the following diagram : 



r 


Si 




r 


S2 


n 


Xi 




Zi 


X2 




Z2 


El 


X 


Ezi 


E2 


X 


Ez2 


Hi 


e 


H^i 


H2 


e 


H22 


tjji 




i>zi 


i>2 




tlJZ2 



r 


Sl+2 


Xi 


X2 


El 


X E2 


H'l 


e H'2 



^'1 i''2 

The vector spaces Ei , E2 for the definition of the variables Xi , X2 specific 
to each system do not change. In each case the vector space to consider is the 
product : Ei X Ezi,E2 x Ez2,Ei x E2- 

Using a linear map it is possible to split the vectors representing the states : 

Hi = Ti (El X {0}) , Hzi = Ti ({0} x Ezi) , 

H2 = T2 (^2 X {0}) , Hz2 = T2 ({0} X Ez2) , 

Hi = Ti+2 {El X {0}) , H^ = Ti+2 ({0} X E2) 

This model is just the projection of Si x ^2 on Ei x £2- This always can 
be done, however it is clear that we miss some important features, meaning the 
interactions. So we could change the model in order to regain the information 
that we lost. 

Proposition 

Let us denote S[_^_2 this new model. Its variable will be denoted Y, valued in a 
Banach vector space E' with basis (e^)^gj, . There will be another Hilbert space 
H', and a linear map T' : E' ^ H' similarly defined. As we have the choice of 
the model, we will impose some properties to Y and E'. 

a) The variables Xi , X2 can be deduced from the value of Y : there must be 
a bilinear bijective map : ^ : Ei x E2 ^ E' 
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b) $ must be such that whenever the systems Si, S2 are in the states ipi,il>2 
then S[_^_2 is in the state ^p' and 

r-i(v') = *(Tr'(V'i),T2-i(V'2)) 

c) The positive kernel is a defining feature of the models, so we want a 
positive kernel K' of (£", T') such that : 

if' ($ (Xi, X2) , $ (X;, X^)) = 7^1 {X,,X[) X K2 {X2,X^) 
We will prove the following : 

Proposition 6 Whenever two systems 81,82 interacts, there is a model 5'i_|_2, 
encompassing the two systems and meeting the conditions a,b,c above. It is 

obtained by taking the tensor product of the variables specific to 81 , 82 Then the 
Hubert space of S'J_j_2 is the tensorial product of the Hilbert spaces associated to 
each system. 

Proof. 

The map : ip : Hi x H2 ^ H' :: ^(V'l.V'a) = $ (T^^ (-^i) , T2 ^ (^^2)) is 
bilinear. So, by the universal property of the tensorial product, there is a unique 
map (p : Hi® H2 ^ H' such that : ip = (poi where i : Hi x H2 ^ Hi ® H2 is 
the tensorial product. 

The condition iii) reads : 

(Ti (Xi) , Ti X (T2 {X2) , T2 (X^))^^ 

= ((r o $ (Ti (Xi) , T2 {X2)) , r o $ (Ti {x[) , T2 (x^))))^, 

(^l>^'l)ffiX(V'2,V'2)i/2 = ('^(V'1,'02) ,¥'('0'l,V'2))ff' = {'f{i'l'^'^2),0{'ip'i<E)1p2))H' 

The scalar products on Hi,H2 extend in a scalar product on Hi ® H2, 
endowing the latter with the structure of a Hilbert space with : 

((V-l ® ^2) , W ^ '^'2))hM = (^1' (V'2, V'2)h, 

and then the reproducing kernel is the product of the reproducing kernels 
(JCD Th.ll63). 

So we must have : {^{i)i ® i{)2) , p {iA ® 'ii'2))H' = ('/'i ® "^'2,^^! ® !/'2>ifi«,//2 
and ip must be an isomctry : Hi ® H2 — > H' 

So the simplest solution is to take H' = Hi® H2 and then E' = Ei ® E2. 
However this solution is not unique, and indeed makes sense only if the systems 
are defined by similar variables. 

This proposition extends obviously for any discrete variable, thus it holds 
for any model. ■ 



3 OPERATORS 
3.1 Main results 

The vector space E is infinite dimensional, so an effective physical measure 
is a finite set of figures. And, to be consistent with the model, we define a 
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primary observable as any finite set of coordinates for a point representing a 
state in the affine space Eq. And we distinguish continuous and discrete primary 
observables. 

3.1.1 Continuous primary observables 

At first we consider the case without any discrete variable. A primary observable 
Y is a map : Y : E ^ E :: Y {x) = Xlje J ■^"'^i where J is a finite subset of I 
expressed in some basis {ei)-^j of E. 

Main result 



Proposition 7 To any physical continuous primary observable Y on the system 

is associated uniquely a hermitian operator Y on H : Y = T o Y o f-^ with a 
linear chart T of H, such that the measure of Y, if the system is in the state 
ipGHo,isY{x) = J2jeJ ^^j' ^) ■ Moreover Y is a compact, Hilbert- Schmidt 



operator and 



Yj 



1. 



Wo use the notations and definitions of the previous section. 
Proof. 

i) Given any chart X and basis (ei)jgj of E we can define a basis {ei)^^j of 
H, and the bijectivc, linear, maps : 

TT : -E — ^ Rq :: TT {J2iei ^^^i) ~ where Mq is the subset of the set of 

maps 7 ^ M such that only a finite number of components is non zero. 
9 : H ^ e^I) :: n ^Si) = (^^ie/ and ^ = {<l>\ V-) 

The linear chart T = 7r^^o7r::£'— >_ffis such that to the configuration X 
is associated the state -0 with = = ■0* 

ii) A primary continuous observable is the selection of a finite number of 
components of I : Fj (X) = X^jg j x^Cj where J is a finite subset of I. 

Let us denote the map : tj : Rq ^ :: tj {^x^)i^i^ = where 
= X* if i £ J and 2/^ = otherwise. 

So : Yj = 'K~^ O Tj o -K 

iii) To the observable Yj on E we associate the operator Yj on H : 
Yj = Ti-^oTjOTi::H^H::Yj (E,e/ ^Si) = ZieJ ^^i 
which reads : 

Yj = (tt~^ O tt) O (tt"^ O Tj O tt) O (tt""^ 07?) = T O Yj O 



E — ^— ^— > Ej 
H Hj 



where Ej = Span (ej) .^^ ,Hj = T {Ej) 
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So : Yj (V) = Eje J (<^i, V-) with = Eig/ ([^] and = V) = 

This is a linear, continuous, operator. Yj depends uniquely of the basis 
i^i)ieJ chosen to define Yj. 

Yj is a projection Yj = Yj and Yj is also a projection : ,Yj = T o Yj o 
T~^oToYjoT~^ =Yj on the vector subspace Hj. 

Thus : 

Yj (V-) = Eje J EisJ (-^i' V') ej = E^jg J i*^*' ^) (<^i' = E^e J (<^i' V^) 
ii) Its adjoint YJ is such that : € H : (Yj^j, ip''^ = (^j, YJip''^ 

A short computation gives : YJ (tjj) = '}2j^j (^j) V") "/"j 

Thus Yj is hermitian iff :VV' € -H" : EjeJ (^j) V') 0j = EjeJ 

Expressed with respect to the independant vectors with [K'] = [K]~^ and 

[K] = [Kr _ 

Yj W = E,6J E.e/ [^']; £j = E,6 J E.6/ {K']l V) £i 

If we take two vectors ijj = ep,ip' = Sq : 



jeJ yz^iei ij L^Mp 

Yje„ e,) = Y.,eJ i^J^^,) = E^eJ 

[e„Yje,) = Ej^j (Eiei 1^% IH) i^P'^^) 

= EjeJ (E.e/ [K]^ [K']]) [K]i = EjeJ ^'i 
Thus Yj is hermitian on H. 

iii) Moreover Yj has a finite rank because Yj has a finite rank, thus Yj is a 
compact operator. 

F; is a Hilbert-Schmidt operator if J is a finite subset : take the Hilbertian 

basis Ei in H: 

Ei6/ 1^:/ (^0|f = E.,ej l(</'i,ei)l' Ik.f = E,eJ ll'/'.f Ik.f < 00 
Because Yj is a projection, it has two eigen values : 1 and 0. The eigen space 
corresponding to 1 is the vector subspace Hj generated by (ei)jg j • Because it is 
a compact hermitian operator the eigen spaces corresponding to the eigen value 
is orthogonal to Hj. This is the orthogonal complement to the vector subspace 
(f)j generated by {<pi)i^j thus (pj = Hj and Yj is the orthogonal projection on 



Hj and 



Yj 



1. 



Yj is a trace class operator if J is a finite subset, with trace dim Hj 
= EjeJ E.e/ IK% [^] ■ = EjeJ % = dim Hj 
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iv) Any vector of H can be written ij.) = X^^g/ tp'^Si and the vectors £i G Hq. 
Thus the image Yj {tjj) — J2jej ^^^j ^ C Hq ii tp e Hq and the operators 
are well defined as maps : Hq Hj. ■ 



Further properties of continuous observables 

1. As any vector tp & H can be written : ip = ^^^^i {(pi^ip) £i the series : 
('0) = Siej (^ii V') is still convergent for any subset J of I, even infinite 
and wc denote Hj the closure of Span(ej, j e J). In the following we will precise 
when J is finite. 

2. Any primary observable can be written : Yj (tp) = J2jej 4^ (V') where 
(fp e E' is the 1-form associated to (pj such that (p^ {ip) € M 

j:,^,{[Lr)':ikwith[K]-' = [L][Lr 

So : Yj = E«e/ {^k,^P) ei where A^^ = E,-ej [L-% [L^ 



fee/ 



3.1.2 Discrete primary observables 
Main result 



Proposition 8 To any primary observable Dj on the discrete variables is as- 
sociated a continuous, hermitian operator Dj in the Hilbert space H wich reads 
: Dj (ipd) = Em=i {'^m,'ipd) Vm with {vk)^^^ an orthonormal family of vectors 
of H and {'&k)'k=i vectors of H which are linearly independant iff the observable 
involves all the discrete variables. Dj {%pj) corresponds to a unique point in the 
affine space H belonging to Hq iff all the discrete variables are involved. 



Proof. 

i) Using the notations of the first section, we have n discrete variables 
(^fc)fc=i taking their values in {1, 2, dk} which have been synthetized in the 
single discrete variable D taking its values in {1,2, and represented by 

one the vectors of a basis (e^^)^^^ of . The value ^ = e,^ corresponds to 
some combination (ii, i2, ••, «n) , «fc G of each the D^. A reduced ob- 

servable Dj is a set of discrete variables {Dk)f.^j . It takes its values in a subset 
{iai,ia2: --j^an) i <*fc ^ {li ••"-} of the values of D, values which are labelled l,2,..s. 
To a given value kj of Dj correspond several values of D. 

Let us denote : Aj = 1 ii D = i ^ Dj = j and Aj = otherwise. The 
s X d matrix [A] has rank s (the states measured by Dj are all distinct) and 
has exactly one 1 in each column. The measure of Dj can be represented as 
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a projection of the same vector ^ on a smaller orthogonal basis (Kfe)fc=iof 
built from {e^)'^^-^ : 

1=1. ..s : Kj = X]t=i [^li and [A] [A]* = J^xs 

Similarly in H the vector f/'d representing a state of the system is projected 
on a smaller basis {Qk)l.^i: built from {vk)'l^i '■ 1=1. ..s : gj = 'Ylk=i i-^Yk^k 

ii) The operator becomes : Dj : H H :: Dj (tpd) = {Qj^i^d) Qj- It 
reads : 

= E;=iEM=i[^]i[^*];K,Vd)^^i 

= Em=i {[A]' [A])[ Ma) VI = Ell Md) VI 

Dj m = E •=! (^i. i^d) Vj with = Eti {[A]' [A])[ Vk 
By permutation of the columns the matrix [A] can be put in the form [Aj] 
of exactly d/s copies of the unit sxs matrix, which can be written : [Aj] = 
[P] [A] <^ [A] = [P]' [Aj] where [P] is a permutation matrix. So [Af [A] = 

^[Ajf [P]^ [Pf [Aj] = [Ajf [Aj] is a d X d matrix, of rank s, made of copies of 
the unit sxs matrix I and its main diagonal has 1 for elements. So the vectors 
i^j)'j=i are actuallly d/s copies of the collection of s vectors -dj. 

They are orthonormal: = ^Efe=i {i^f [^])'^ ^^fc. ELi ([^]* 1^])'^^^^ 

= Eti ([^]* {[A]' [A])[ = ([A]* [A] [Af [A])'^ = [[Af [A])'^ = 5,j 
The value for ipd ^ v^^ is : 

Dj {ipd) = E^=i {Qj, v^) Qj = E^=i [^li Qj and only one coefhcient [AY^ is 
non zero. 

iii) Dj is linear, thus continuous and hermitian. 

Indeed its adjoint ( Dj ) is such that : 



Djm,'^'d) = {^d,{Dj) 

that is : = [i5j]* = ([A]* [A])* = ([A]* [A])* = [Af[A] because 

[A\ is real. 

It is a projection on the vector subspace spanned by {Qk)k=i 
Dj (Qk) = J2j=i (Qj, Qk) Q] = Qk 

D^j (Vd) = Dj (e;.i {Qj,iPd) Q,) = E;=i {Qj,^d) Dj {gj) = Dj (Vd) ■ 
Example 

with Di = {1, 2} , D2 = {1, 2, 3} restricted to D2 
vi O (1,1), 1^2 ^ (l,2),i;3 (l,3),t;4 (2,1),W5^ (2,2),i;6f^ (2,3), 

£•1 = {Vl + V4) , Ql = {V2 + V5) , Qs = {V3 + Vq) 
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[A]' [A] = 



10 10 
10 10 
1 1 

1 0' 

1 

1 

1 
1 
1 



[A\ [Af 



10 10 
10 10 
1 1 



1 



1 








1 











1 








1 











1 








1 
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Further properties of the discrete operators 

1. As a point in the set of states is defined by a couple of vectors {tpdjip) a 

primary observable {Dj, Yji) gives a couple of maps (^Dj, Yj/^ on HxH and the 

image of a point in the afhnc space H is a point in H. 

2. The operator is a projection, its cigcn values arc (0,1) and the vector 
subspace spanned by i!}k)k=i corresponds to the cigcn value 1. 

3. The operators associated to different discrete observables commute : 

= E1=1 Ep=l (l^p: V'd) Vp) V.m 

= ELi EU Eti {[A']' [A'])'ZU {[A]' [A])"^ Md) {vu,Vp)Vm 
= El=i Em=i {[Af [A])l {[A'f [A'if^ Ma) 

= EU=1 {[Aj]' [Aj] [A'jf [A'j]) ™ {Vl, V-d) Vm 

The product of matrices comprised of unit submatrices commute : 
[Ajf [Aj] [A'jf [A'j] = [A'jf [A'j] [Ajf [Aj] 

So Dj, O Dj, = Dj, O Dj, 

However the result is not necessarily an operator of the kind Dj for some J. 
3.2 Secondary continuous observables 

From primary continuous observables, which are the just basic measures that 
can be done on the system, we can define secondary observables, which are 
variables defined through the combination of primary observables. 
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3.2.1 Algebra of primary continuous observables 

The simplest combination of primary observables is through an algebra, meaning 
by linear combination and composition of primary observables. 

Proposition 9 The operators associated to the projection of each vector e, of 

a basis of E are a set of orthogonal operators, and are the generators of a 
commutative C*-subalgebra A of C{H;H) and a Hilbert space. 

Proof. 

i) For each j€ / we have the primary operator : Yj{ij;) = (l>>{ip)ej = 
, ijj) £j with (f)^ the 1-form associated to 0^ 

Yj = Efc;e/^''?* ® ei where = [L-^]\ [L^ 

This is the projection of V on the vector Ej of the (non hilbertian) basis 

The primary operators ( Yj ) are mutually orthogonal : 
V J j^i 

% o % (^) = (</,,, ^) {<f>^,ek) = (<^fc, ^) Y.iei [Kt = ^jkYj (V-) 

Any primary observable can be written : 

Yj W = E,eJ % W and % W = 

YjiuJ2 = + — ljinJ2 = + Yj^ — Yj^ o Yj^ 
Notice that (Yj-^ipjYj^ip^ ^ usually : 

ii) Denote Yq = I where I is the identity on H and /q = / U {0} 

For any family {u^)^^j^ € C-^^jmaxig/j, < oo the endomorphism : Y = 

J2ieio ^^^^ defined and ||F|| = sup^gj^^ 1^*1 

Define A as the set of endomorphisms A = |y = J2ieio (^') ie/o ^ '■"^o) 
A has the structure of a commutative C*-subalgebra of jC{H; H) with com- 
position as internal operation : 

A has the structure of a Hilbert space with the scalar product : (Yi, 12)^ = 
Eie/o ^i'"2 ^■iid (Yij is a Hilbertian basis. ■ 

Moreover : 

1. The adjoint of F = J2iei ^""Yi is Y* = Eig/^^i ^■iid the elements of A 

are normal : Y oY* = Eie/o I '"'I ^* 

Any element of A is compact, because it is the limit of the sequence of finite 

rank maps Yi 

It is Hilbert-Schmidt because the space of Hilbert-Schmidt operators is a 
Hilbert space. 
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The eigen values and eigen vectors of y = X^jg/ u^Yi are (m% ^i) 

The eigen vahies and eigen vectors of {Y o y*)^/^ = ^^^^ Yi are , • 

If they are summable J2iei \ ^^\ < °° then Y is trace-class (JCD Th.lll5). 

2. Each vector ip G H defines the continuous linear functional on A : 

Eijei^i^ [K]] i'' = M* [K] m 

(f^ is hermitian (^ip^ (Y*) — f-ip (Y)^ and positive ((^^ (Y oY*) > 0) . 

Such linear functional are called " states" in the usual algebraic formulation 
of QM. 

3. To the operator Y = Y^i^j^ u^Yi where (u')^^^^ e Mq" (oiily a finite 
number of coefficients is non zero), is associated the observable on E : y = 
Sie/o which is valued in a finite dimensional subspace of E. 

3.2.2 Secondary continuous observables on H 

We can go further, but we need two general lemna. 

Lemma 10 There is a bijective correspondance between the projections on a 
Hilbert space H, meaning the operators 
P G C{H;H) : P'^ = P,P = P* 

and the closed vector subspaces Hp of H. And P is the orthogonal projection 
on Hp 

Proof. 

i) If P is a projection, it has the eigen values 0,1 with eigen vector spaces 
Hq,H\. They are closed as preimage of by the continuous maps : Pil^ = 
0, (P - /d) V = 

Thus : H = Ho(S)Hi 
Take tp e H : -ip = 'ipo + ipi 

(P(V'o + iV'i) > V'o + V'l) = V'o + ipi) = -i {ipi,ipo) - i {ipi,ipi) 
{ipo + i^pi,P{'tpo + i'i)) = (-00 + #1, V'l) = (V'cV'i) -^(V'i)V'i) 
P = P*^-i(V;i,V'o) = (^o,V'i) 

(P (V'o - #1) , ipo + V'l) = (-#1, ■00 + V'l) = « (^i> ^0) + i (^/'i, i'l) 
{tpo-i'4'i,P{'tpo + ipi)) = ("00 -iV'i,V'i) = (V'cV'i) +^(V'i)V'i) 
P = P* ^z(V;i,i/.o) = (V'O,0l) 
{tpo, tpi) = so Ho, Hi are orthogonal 

P has norm 1 thus Vu G i?i : \\P {ip - u)\\ < Wip - u\\ 4^ Wipi - u\\ < - u\\ 

and min„£Hi HV" - "ll = IIV"! - "ll 

So P is the orthogonal projection on iJi and is necessarily unique. 

ii) Conversely any orthogonal projection P on a closed vector space meets 
the properties : continuity, and P^ = P,P = P* m 
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Lemma 11 For any measurable space {F,S) with algebra S, there is a bi- 
jective correspondance between the spectral measures P on the separable Hilbert 
space H and the maps : f : S ^ H with the following properties : 

f(s) is a closed vector suhspace of H 

f(F)=H 

\/s,s' €S:sns' = 0^ f{s)nf {s') = {0} 
Proof. 

i) A spectral measure is a map : P : S ^ £ {H; H) such that : 

a) Vs G £• : P {sf = P{s),P (s) = P* (s) 

b) P {F) = Id 

c) ytp & H the map /i : S ^ R :: n{s) = (P(s)V,V') = ll-P(s)V'll^ is a 
measure on F 

ii) With a map f define P (s) as the unique orthogonal projection on f(s). It 

meets the properties a and b. Let us show that the map /i is countably additive. 

Take a countable family (sa)agA of disjointed elements of S. Then (/ (sq))^^^! 
is a countable family of Hilbert vector subspaces of H. The Hilbert sum (BaeAf (sa) 
is a Hilbert space Ha, vector subspacc of H, which can be identified to / (UaeASa) 
and the subspaces / (sa) are orthogonal. Take any Hilbert basis (£ai)j£/ of 
/ (sa) then its union is a Hilbert basis of Ha and 

VV e Fa : EaeA^iei. l^'^f = E^eA \\PMi^f = ||P (U^eA^a) Vll' < 

CXD 

iii) Conversely if P is a spectral measure, using the previous lemna for each 
s £ S the projection P(s) defines a unique closed vector space Hg of H and P(s) 
is the orthogonal projection on Hg. 

For tp fixed, because /^(s) = ||P (s) -i/'H^ is a measure on F, it is countably 
additive. Take s, s' £ S : s C] s' = then 
\\P{sUs')i^f = \\P{s)i^f + \\P{s')M\' 

For any V G H.us' : \\P {s U s') Vf = || Vf = 11^ («) V-ll" + ll^' {s') V-ll" 
With any Hilbert basis (^Oie/ ^s, Hs',ij) e H^us' ■ HV'II^ = 

I ■ 1 2 I ■ \ 2 

Y^iei K^l + Sje/' \^'^\ ^° i^i)iei ® (^'i)ie/' i^ ^ Hilbert basis of Hgus' and 
Hsus' ^ Hs (B Hs' ■ 

We can now implement these results to the Hilbert space H of the system. 

Proposition 12 Any projection P^ on H is of the form P=Yj for some 
subset (finite or infinite) J of I 

Proof. 

Let P £ C {H; H) : P"^ = P, P = P* then there is a unique closed vector 
subspace Hi such that P {H) — Hi and H = Hi® Ho 

Define J = {i £ I : £ Hi} ^Mi e J" : P (e^) = e i/o 
Any vector tp & H can be written : 
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Notice that Hi can be infinite dimensional. 



Proposition 13 For any measured space {F, S) with a— algebra S, there is a 
bijective correspondance between the spectral measures P on the Hilbert space H 
and the maps ; x : S* ^ 2^ such that x (P) = I (^nd Vs, s' ^ S : s C\ s' = =^ 
X (s) n X (s') = 0. The spectral measure is then P (s) = 



Proof. 

i) Let P be a spectral measure. Then there is a map : f : S ^ H such that 
f(s) is a closed vector subspace of H 

f(F)=H 

Vs, s' e S -.sDs' = 0^ f{s)nf (s') = {0} 

For s fixed, P(s) is a projection so 3x (s) C / : P (s) = i^x(s) ^^'^ K^)—^x{s) (-^) 

P{F) = Id=Yi ^ X (F) = I 
\/s,s' G S : sDs' = ^ 

f (s) n / is') = {0} ^ (H) n ?^(,,) (H) = {0} ^ X is) n x [s') = 

ii) Conversely, to any map x : <S' — >■ 2^ let us associate the map : 
/(s) = K,(,)(if) 

This is a closed vector subspace of H, f(F)=y/ (H) = H, 

Vs, s' e 5 : s n s' = ^ / (s) n / is') = (H) n y^(,,) (H) = {0} ■ 



As a consequence for any fixed tjj G H,\\tp\\ = 1, the function /j. : S ^ M. :: 
= ^^(s)'^^'V'^ = ^x(s)^ ^ probability law on (F,S). Which implies 



that : ys,s' G S : sDs' = : 



From there we have the following results : 



Theorem 14 For any measured space {F, S) with a— algebra S, any map : x '■ 
S ^ 2^ and hounded measurable function f : F ^ R , the spectral integral 
■ If f (^) ^x(C) defines a continuous operator on H. Moreover for any map x 
this procedure gives a representation of the C*algebra of the bounded measurable 
functions Cb {F;M.) and its image is a C*subalgebra of jC{H; H) . 



This is an application of standard theorems on spectral measures (JCD Th 
1192, 1197): 

The spectral integral is such that there is an operator denoted (f = f (^) ^^(j) 
with : 

V^, fGH:{^ (^) , V') =!pf (6 (?x(«) (V') , i^'] 
To this operator one can associate the secondary observable on E : 
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$ : S ^ £ :: $ = T-'^oipoT 

$ {x) = Jpf (0 {x) = Uf iO (E,ex(«) ^'e.) e /: (i^; e) 

Theorem 15 For any continuous normal operator (p on H, there is a map : 
X '■ Sp{f) — >■ 2^ such that : ip — Jgpf^f^ ■^^x(s) where Sp(f) is the spectrum of f. 
If if has finite range then it belongs to the algebra A (see previous subsection). 



Proof. 

i) The first part is the direct apphcation of a classic of spectral analysis 
(JCD Th.ll97). ip has a spectral resolution and so there is a map % with the 
properties above. 

ii) If ip has a finite range it is necessarily compact, and x (s) must be a finite 
subset of I. By the Riesz theorem (JCD Th.ll06) the spectrum of is either 
finite or is a countable sequence converging to 0, contained in disc of radius 
||iyj|| and is identical to the set (A„)„gpj of its eigen values (JCD Th.973). For 
each eigen value A (except possibly 0), the eigen spaces Hx are orthogonal for 
distinct eigen values. 

Thus : 

as p> has finite range the set (A„)^^^ of its distinct eigen values is finite 

Jn = X^(A„) C / 

for n^n' : Jn^ Jn' 

For each distinct eigen value A„ let {tpnm)rr^i be an orthonormal basis of 

Hn- Then (p reads : 

= Y.^=i^nY.Z=ii'^ri7n,ip) i^nm and also : (p = J2n=i'^nyj^ where 

Jn = X{K) ■ 

So p £ A and for each n the eigen vectors tpnm ai'e a linear combination of 

the (£j)jgj„ 

To (p one can associate the observable : $:£^£::$ = T~^o<^oT 

As seen above, the operator is self adjoint iff the eigen values are real, that 
is if $ takes real values. 

The probability law on the set of eigen values reads, for a vector ^ e 

H, IIV-II = 1 fixed : 



3.2.3 Product of observables 

1. Secondary observables such as <I> (x) = E^=i '^n^x(>r,) i^) /f/(?)^x(5) 
can be formally defined, but we need to precise how their value can be measured. 
This can be conceived in two ways : 

- either one proceeds at first to the measure of the primary observables and 
then to the computation according to the previous formulas 



28 



- or, because the result is still a vector of E, their value is measured through 
another primary observable. This procedure is then modeled as the composition 
: Yj o $ which translates asYjoip for some finite subset J of I. 

The second options seems the more logical, and anyway the only practical 
whenever the secondary observable is defined through a continuous spectrum. 



Yj ° = ^71=1 '^ra^(A„)nj in the first case and the subsets x i^n) H J are 



Yj o (fi = Jp f (^) V^(5)nj in the second case 
So, in both cases, it sums up actually to restrict the scope of x i^n) , X (0 
to finite subsets. 

In the first case the finite collection of finite disjointed sets (x {Xn))n=i i^ a 
finite subset J^p of I. To make sense the measure by Yj should encompass only 
the indices in and this is possible. Then the result is just ip. 

2. The product of two secondary observables has no clear meaning in this 
picture, and it is not necessary to define the observables on the system. So it 
does not play a significant role in the following. 

3.2.4 Scalar functions 

In the previous cases the secondary observables are continuous variables which 
are either scalars or tensors defined over the whole of the system, or localized 
maps. In particular $ (x) can be the Fomier transform of a map on E. 

One can also consider continuous maps : A -.^ — >■ R meaning belonging 
to the dual E' of E. They induce a map in H : A = A o e H' which is 
represented by a vector ^ G H : X (tp) = {(jy^ip) = A o {tp) . 

As a special case one can consider the vectors (u/c)^^ of H, which are an 
arbitrary family of orthonormal vectors. They can always be chosen such that 
: (ufc, -0) = Afe o (^/)) = Afc {X (^)) which can be useful if the variables are 
subject to a constraint expressed by an integral. 

3.3 Probability 
3.3.1 Preliminaries 

The formalism devclopped so far is strictly detcrminist : to any set of measures 
(a configuration) corresponds a unique point in the Hilbert afHne space. However 
there is a natural physical probabilist interpretation of some results. But it 
is necessary at first to make the distinction between formal probability and 
physical probability. 

A probability law is, in mathematics, a positive measure P on some mea- 
surable space (F,S) such that P(S)=1. So, for any spectral measure P on a 
measurable space (F,S) and vector G _ff, the map : fi : S ^ M. :: \\P (s) is 
formally a probability law, meaning that it is positive, countably additive and 




disjointed 
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/Li (F) = 1. But these properties are not in any way related to a physical event, 
which could or not occur and could be reasonably governed by a probability. 

Probability in physics may appear either because the model introduces ran- 
dom variables (the physical phenomenon being determinist or not) or through 
the process of measures itself. In our picture the second case is explicit. The 
precision of the measures is involved in two ways : 

- by the uncertainty of any measure, which is controled by a protocol in 
order to validate the results 

- by the fact that we estimate functions from a finite set of data 

In our picture the knowledge of the state represented by (tpd, "0) can be seen 
as the purpose of the measures. If we knew the values of all the variables, 
we would know precisely the state. But these variables are functions, defined 
by infinitely many parameters, which are the components {xi)^^j .Moreover, 
usually the basis {ei)^^j and the indices i are not known by the physicist : we 
know that they exist from their mathematical definition, but the functions are 
estimated by statistical methods from one batch of finite measures. For instance 
the simplest way to estimate a function is to use a linear interpolation from a 
sample of points. To do so, one does not need to know the basis, but actually the 
procedure is legitimate because this basis does exist. Because the estimations 
use controled statistical methods, the uncertainty on the estimates is known. It 
depends on the nature of the variables which are measured, and on the number 
of measures which are done. 



3.3.2 Main result 



Proposition 16 When the measure of the continuous variables is done accord- 
ing to a precision protocol, any measure of a state ijj G H of the system has the 
probability u (J) of belonging to Yj (H) . v is a physical probability law on the 



measurable space (1,2^) and if 



1 then 



YjO,) =v{J)=Vv{i,&Hj) 



Proof. 

i) To estimate the configuration X = X^j^j y^Ci one uses a batch of data 
which can be summarized as the primary observable : Yj = X^jgj y^Ci for a 
finite set J of I. Let us denote E,j the vector subspace generated by {cij^^j and 
a (Ej) its Borel ct— algebra. The uncertainty on the measure of X is : oj (Y) = 
y^Si which can take any value in Ejo . Because the estimation is done 
using controlled statistical methods, some rules are implemented to quantify the 
uncertainty of the measure. We assume that the protocol used is such that : 

a) For any finite subset J of I, there is a positive, finite, measure on 
the Borel ct— algebra of Eja such that the probability Pt{X — Yj{X) G vjj) is 
A* J {'^j) > with jjLj {Eja) = 1. 

b) This measure does not depend of the order of the indices in the collection 

J 
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c) For any finite subsets J, K of I, voj G a {Ejc) : 
I^JUK (^I7jc U Ek") = /Uj (rojc) 

Then by the Kolomogorov theorem (JCD Th.816) the collection of measures 
Hj can be uniquely extended to a measure on E such that fi {wj) = iij {voj) . 
And n{E) = 1. 

ii) This measure has for image in the Hilbert space H by the linear map 

T a finite, positive, measure /I on the Borel cr— algebra an of H such that the 
probability that o {ijj) = tp — Yj {ip) & tu is given by {ru) . And (H) = 1. 

Let us denote Hj = Yj (H) and v (J) = 1— /x (Hj) . The set 2^ is a cr— algebra 
of 1 and ly (J) is a finite, positive measure on (1,2-'^). 

The physicist can see (meaning measure) only states belonging to the vector 
subspaces Hj , so one can interpret the previous probability the other way 
around. Whatever the state of the system, the probability that the result of the 
measure belongs to Hj is v (J) . The probability increases with J and is 1 if J=l, 
but the measure is not necessarily absolutely continuous, so the probability for 
J=j is not necessarily null. As one can access only to the states belonging to 
Hj, for J finite, for all that matters, v (J) can be interpreted as the probability 
that V belongs to Hj. 



iii) Take any fixed vector ip G H, 
if V e Hj. and 1 if V e Hj. 

2 



1 then : < 



YjW 



< 1. It is 



YjO^) 



can be seen as a random variable, the value of which is the product 



of the value of 



Thus : 



if -0 G Hj by the probability that ip € Hj 

2 

= u (J) and one can write 



Yj{^) = y{J) = 



Comments 

1. Let us take a single continuous variable x, which takes its values in R. It is 
clear that any physical measure will at best give a rational number F (x) € Q up 
to some scale. There are only countably many rational numbers for unacount- 
ably many real scalars. So the probability to get F (x) G Q should be zero. 
The simple fact of the measure gives an incommensurable weigth to rational 
numbers, implying that each of them has some small, but non null, probability 
to appear. In this case I can be assimilated to Q , the subsets J are any finite 
collection of rational numbers. 

2. The experimental proof of some theoretical statements can be deceptive. 
If a physicist states "the ratio of the circumference of a circle to the length 
of the diameter is a rational number", he certainly can provide very accurate 
measures to siistain its statement. But it stays false. 

3. Measures on infinite dimensional vector spaces are a delicate topic, but 
there are sensible solutions, which meet the necessary condition for a probability 
law : they can be finite (see Gill). 

One can now extend this result to spectral measures and secondary observ- 
ables. 
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3.3.3 Measure of an observable 



Proposition 17 For any spectral measure P on a measurable space (F,S), val- 
ued in C(H;H) the induced formal probability law : ii (s) — \\P (s) can be 

interpreted as /j, (,s) is the probability that the physical measure ofip G H, \\ip\\ = 1 
belongs to P(s){H) . 



Proof. 

Let P be a spectral measure on a measurable space (F,S), valued in £(H;H). 

We know from the previous results that there is a map : x • •S' — > 2^ such that 
X {F) = I,ys,s' € S,sns' = ^x{s)(^X is') = and P (s) = %^,y 

For any ip G H,\\ip\\ = 1 the formal probability law is : fi{s) = \\P (s) {ip)\\^ — 

Yxis)W\\ =Pr(^e 

So it is legitimate to write : /i (s) = (x (s)) = Pr e -ff^Cs)) 
a physical meaning. ■ 



Proposition 18 The measure of any secondary observable is necessarily equal 
to Xntpn where A„ is one of the eigen-values of the associated operator and 
tpn d vector of the eigen space. The probability that the eigen-value A„ is picked 
up when the system is in the state tjj £ H, ||^|| = 1 is equal to J2m=i KV'nmjV')!^ 
where ipnm o,re an orthonormal basis of the eigen-vector subspace associated to 



Proof. 

Let $ be a secondary observable. According to our general assumptions and 
previous results, the associated operator is a compact operator which reads (see 
notations above) : 

</'(V') = S^=i^nSm=i(V'nm,V')V'nm and also : if = X^^=iA„ yj„ where 
the subsets J„ are finite and disjointed 

The induced probability law on the set of eigen values reads, for a vector 

ii)€H, IIV'II = 1 fixed : 

|2 



This probability law can be interpreted as the probability that the actual 
measure of (f provides a result (p (tp) in the vector subspace iJ„ which is the eigen 
space associated to A„, and the probability that this result shows if = 1 is 



= Em=ll(V'nm,V')r 



Then the result of the measure of is : 

^ W = E^=l An?x(A„) (V') = E^=l An EjexiXn) 



{(j)j,ip)sj = Xntpn where 
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3.3.4 Discrete observables 

In our definition of discrete observables we have not assumed anything like 
a topology on the set of measures. And indeed the distinction between the 
configurations described by D should not be blurred. Thus, in the very general 
framework that has been adopted here, we cannot go further. 

4 THE WIGNER' S THEOREM 

4.1 Principles 

4.1.1 The observer 

The measures are done by an observer. Without engaging the issue of the 
interaction observer / physical system, the main characteristic of the observer is 
that he or she has "free will" , meaning that this is the operator who implements 
the experiment (deciding when to precede to some actions), who chooses the 
units of measures, and anything which is relevant to these measures such as the 
frames for localized data. What we sum up by saying that the operator has the 
"freedom of gauge". And this freedom is not encumbered by what happens in 
the physical system. 

So the question arises of what happens when two different observers of the 
same system, using similar models (the variables have the same mathematical 
properties) and similar procedures, compare their data and their estimation of 
the state of the system. 

4.1.2 Symmetries 

This question is linked to the symmetries. As it is an ubiquituous word in 
physics, for the sake of clearty, it needs some precisions. When the definition 
of a variable is linked to some frame (mathematically and in the measurement 
procedure) , any change of frame should entail a change of the measured value, 
according to precise, known, rules depending of its mathematical specification 
: this has nothing to do with some "jump" of a state, only to do with the 
conversion of data. And the validity of the specification can be checked through 
the comparison of the measures done by two observers. In this case we say 
that the measures are equivariant : the figures change according to the same 
mathematical rules as the corresponding variables. 

However it can happen that two observers, using different frames, get the 
same figures. Usually this phenomenon is met for some classes of observers, or 
gauge transformations. In this case we say that the system shows a symmetry, 
which is characterized by the class of gauge transformations for which it is seen. 
For instance a solid body has an axial symmetry if observers rotating around 
a precise axis get the same measures. A symmetry can be dealt with in two 
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ways. Either it is assumed in the model (from some theoretical assumptions or 
from accounting for some particularities of the physical system) and then the 
variables are defined accordingly. Or the specifications of the variables are more 
general, and the symmetry is then a result of the experiment, to be used latter 
in some theory. But in both cases it can be checked through the measures. 

So equivariance and symmetries are two faces of the same feature. They 
involve the mathematical properties of the variable which has been chosen to 
represent a physical phenomenon. So far the unique property required for the 
continuous variable is that they can be represented in a vector space (E). For 
equivariance it is necessary to use an additional information : the way a variable 
behave under a gauge transformation, which is initiated by the observer. And 
equivariance arises if and only if there is some preexistent rule between the 
measures, thus these rules can be considered as a part of the model. 

In this section we will consider equivariance : two observers measure the 
configuration of the system, using the same model, meaning the same variables 
with identical mathematical properties, similar measurement procedures but 
with different frames. For the same state of the system they get two different set 
of measures X,X', which are related by some mathematical law X'=U(X) which 
is defined by the mathematical rules that relate the frames. So U is assumed to 
exist and the issue is to see what happens at the level of the Hilbert space. This 
map U is directly related to the model, meaning the mathematical description 
of the variables, but it can also be checked and measured, by preceding to 
experiments using different frames. 

In our picture the relation between the measures and the vector in the Hilbert 
space relies on the basis which is used, so it can be considered from two, equiva- 
lent, points of view : these measures correspond to the same state, represented 
in two different bases, or they correspond to two different states, represented in 
the same basis. We will adopt the second point of view. 

4.2 Theorem 

Proposition 19 // two observers observe the same system, using the same 
model, their respective space of representation is the same affine Hilbert space, 
they assign to the same configuration two states which are related by a unitary 
map in H X H : 

The operators Dj,Yj,Dj,Yj associated to the same primary observables 
Dj,Yj, Dj,,Yj and acting on the vectors (jl^d,^) ) (V'd'V'') ^'^^ related by unitary 
linear maps Ua, U € £. {H; H): D'j = Ud.oDjo f/*, Y^ = U oYjoU* 



Continuous variables 
Proof. 

i) A change of frame for continuous variables may happen in two, non ex- 
clusive, cases : 
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- a variable S is tcnsorial and its components arc described in a basis, and 
the change of gauge is a change of basis. So it impacts the basis (ej) j of E itself 
: a vector V is measured in two different bases as : y = '^v'^Ck = '^v"^e'j^. 
By reporting the components v'^ on the base we get a different vector : 
y = ^ v"'ek which is related to V by a linear map : V = U {V) . Knowing 
the rules for the change of basis one can say that V and V give equivalent 
descriptions of the vector. 

- a variable is a localized map S (^) from R™ to a vector space F and belongs 
to some space of maps Ec C (M™; F) . The change of gauge is applied to the 
parameters ^ G M™ used for the localization. So we assume that there is a map : 
^' = u{^) . Then the change of gauge impacts the arguments ^ of the map, but 
the maps S, S' can still be represented in the same space E of maps and there 
is no change to the basis {ei)^^j of E. And we assume that there is some map U 
such that : S' = [/ (S) : V$ : S' (^') = S' (u = S ^ S' = Sou"! = U (S) 



Id 
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t 
t 
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ii) We assume that the two observers use the same model, with the same 
properties of the variables, represented in a vector space E. So the manifold 
and the Hilbert space arc the same. They observe the same physical system 
at a given time. From their measures and the estimation process they get two 
vectors S = X^jgj aj'Cj, S' = '^i^jx''^ei expressed in the same basis {ei)^^j of 
E. And there is some mathematical law to convert the vector S'=U(S), not 
necessarily linear. 

On the other hand each vector S represents a state ip through some chart X 
:E = XW 

We say that the two vectors are equivalent if they represent the same physical 
state of the system : 

E' = XW = UiE) = U{X{^)) 
Then, for any states f/'i ) V'2 : 

{X (Vi) , X (^2))^, = {u (x (Vi)) , u {X 0^2))) E = {^1,^2) H 

iii) If we choose the linear map T associated to a basis [ciju^i of E, we 
associate the vector ^ — T {X) to X and ip' = T {U {X)) to the configurations 
X and U(X). 

Define the map : U : H ^ H :: U = T o U o J-^ so U {T {X)) = T {U {X)) 
(U (T (Xi)) , U (T (X2)))^ - (T {U (Xi)) , T {U {X2)))h 
= {U{X,),U{X2))e = {XuX2)e 

U is defined for any vector of E, so for the orthogonal basis {ei)^^J of E. 

Define : U (T (e,)) = T ([/ = U {si) = 

The set of vectors is a hilbertian basis of H: 
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(f/(T(eO),C/(T(e,)))^ = {U {X,) ,U (X^)) ^ = {ei,ej)^ = 6,j = {?,,e'^) ^ 
So we can write : 

VV' € i? : V = E.e/ V-^e., U (V) = E.e/ 

and : = (e,, V) = (c> fe) , f/ (V')) = (e-, E^e/ V/-'?,) = V^'^ 
Thus the map U reads : U:H^H::U (Eig/ V''£i) - Eie/ V'^e'i 
It is linear, continuous and unitary : (u {ipi) , U = (V'l) V'2) and C/ is 

invertible 



Expressed in the Hilbert basis Si its matrix is : U (si) = = Eje/ 



U 



iv) Conversely the map U = T ^ o U o T between the vectors X,X'=U(X) 
is necessarily linear and unitary with respect to the scalar product on E. If we 

denote = {e'^) — Eie/ ^ one can see that the change of gauge is 
indeed a change of basis. It reads in the orthonormal basis (e,) -^^ : 

X' = U{X) = T-^oUoT (Eie/ = Eiei ^% = Eie/ 

and in the basis (e,) -^^ with = C/ (e^) = Eje/ [f^li 

X' = [/ (X) = Eiez a;V, = Eie/ 
We have : 

^'' = E.e/[f^]i^'= 

iv) Primary observables are defined by the choice of a finite subset J of I. To 
make sense, the comparison between measures done by the two observers must 
involve the same primary observable. 

To the observable Yj {X) — ^"'^j corresponds the vector U {Yj {X j} = 

Ejg J x^e'j = J2jeJ ^'"'^J ^° operator Yj acting on X' is : 

yj {X') = U oYj{X) = U oYj o {X') 

Similarly the associated operator on H is : Yj = U o Yj o U* acting on 

Yj ^ToYjo 

fj = T o o Yj o {/-i o T-i = T o [/ o T-i o T o Fj o T-i o T o o T-i 
= UoYjoU* 

And the value which is measured is : 

Yj m = E,eJ {^3^U* ir)) U {sj) = (<^„ m* W)) e, = E,ej i'Pj^^') ^3 

T-i (y; (^0) = E,6 J ('^.. = E,e J i^3,i') e'j = E,e7 ^'e^ = E,e7 ^'^^i 

So : x'J = ■ 

Discrete variables 
Proof. 

i) The models are identical, the Hilbert affine space H is the same. As 
{Uu,Uu) = {u,u) the ground states are the same. The vectors {vk)'l.^i are 
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arbitrary, but the only thing which matters here is their labelhng. The second 
observer can change the labelhng of the states by a permutation of the d points. 
A permutation is an element of the symmetric group & (d) , which is represented 
in the vector space H by an unitary isomorphism. So there is a unitary map 
Ud such that : = Ylj=i Wdli with the d x d unitary matrix [Ud] . A given 
configuration of the system is represented by the same vector in H and, reported 
in the same basis with the same labelling, by two vectors tjjd, V'd which are such 
that : fd = Ud (V'd) • 

ii) If the observers measure a primary discrete variable, the comparison 
makes sense only if the two observers measure the same primary observable. 
The only difference which can occur is related to the labelling of the states 
which are measured. So they use a primary variable with s positions, and 
vectors : {gjYj^i , (g'j) which are related by the same permutation matrix 

[Ud]:e'j = Ud{ej) 

The operators are : 

D'j m - e;=i 9] = e;=i {q,) , Ud (e,) 

= Ud {e;=i {Ud {Qj) , fd) Qj) = Ud (eU i^i^^d W) ej) 

Which reads : 

D'jii^',) = u(Dj{U*A^'d))) 

b'j = UdobjoU2 ■ 

Comments 

1. The observers may measure some of the variables only. The result holds 
in this case for these variables, with the obvious adjustment on U. The key 
condition is always that the physical measures must be related. 

2. The primary observables Yj commute, so, for the same value of U, the 
operators Y'j commute. But this is not usually the case for Yj,Yj. 

4.3 Application to groups of transformations 
4.3.1 General principle 

1. The most important application of the Wigner's theorem is when the mea- 
sures by the two observers are deduced from each other by the action of a group 
G. 

Then there is a map : U : G ^ C{E\E) Xg{'4)) = U (g) {Xi (tp)) where 
1 is the unit in G, Xg (ip) , Xi (ip) are the measures done by two observers 
whose frames are deduced by a transformation labeled by G. U is a unitary 
linear map, as above. And similarly for discrete variables. If moreover U is 

such that : U (g ■ g') = U (g) o U (/) ; (7 (1) = Id meaning that (E,U) is a 
unitary representation of the group G, then we have also a unitary representation 

{h, of the group G. 
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But it docs not entail any consequence for the composition of observables 
: the observers must choose one of the available frames, which can themselves 
be the composed of frames (by G) but, once the choice has been made, the 
measures are done by using a definite frame. There is no clear meaning, in this 
picture, to the composition of observables such that Y {g') oY [g) . 

2. If the map U is continuous and G is an abelian, locally compact, topo- 
logical group, and the map U : G ^ C (H; H) is continuous, there is a spectral 
measure P on the Pontryagin's dual of G, meaning the set G = Cq (G; T) of 
continuous maps r from G to the set T of complex numbers of module 1, such 
that U {g) = P {t {g)) . Accounting for previous results, that means that there 
is a map : x : erg — > 2^ on the cr— algebra of G such that : P (s) — Y^i^g-^&nd 
U = Jq exp ir (g) i^xo^Cs) • Moreover an operator on H commutes with U if and 
only if it commutes with each V^(s) (JCD Th.l859). 

3. If the map : U : G ^ C {H; H) is continuous, then it has a deriva- 
tive and ^H, U' (1)^ is a representation of the Lie algebra TiG and Vk e TiG : 
U (exp k) = exp U' (1) k where the first exponential is taken on TiG and the sec- 
ond on £(H;H). Moreover U' (1) n is anti-hermitian : (^U' (1) lij = — (^U' (1) nj 

and (^H, U' is a representation of the universal envelopping algebra of TiG. 

(JCD Th.l817, 1822, 1828). 

4. Any topological group G endowed with a Haar measure has at least a 

unitary representation (the left or the right regular representation, acting on the 
arguments) on a Hilbert space of functions. These representations are usually 
infinite dimensional, but may be finite dimensional on the spaces of polynomials. 
They provide common specifications for the Hilbert space H itself in Quantum 
Physics. Notice that the goup of displacements in an affine space has no Haar 
measure. 



4.3.2 One parameter groups of transformation 



1. If the gauge transformations U are continuous functions of a real scalar 
such that : U {0 + 9') = U (9) o U (9') ,U (0) = Id then they constitute a one 
parameter : semi-group if ^ > 0, group if ^ e M .As E is a Banach vector space, 
these groups, which are abelian, have some important properties (JCD p. 244, 
284). 

If lime_j.o \\U {9) — Id\ = then the (semi) group is uniformly continuous and 
: a semi-group can be extended in a group, there is an infinitesimal generator 
Sg £ (£■; E) such that : ^ = 5 o \J{9) ^\J{9)= exp9S with the exponential 
of operators on a Banach space. 

The associated operator ?7 in H is also a (semi) group of operators, it is 

unitary, and there is an operator S G C {H; H) such that : ^ = —iSoU (9) . S 
is a linear map, defined on some subset D of the Hilbert space H which can be 



defined as : D= 



G H 



^ (9) — Id)j ^ < cxD I and H is a bounded 
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operator if lim^i^o 



U [6) - Id 



0. 



As it is easy to check, by differentiation of (U {0) tp, U {6) ip' \ , the operator 



iS is self-adjoint. 

2. Whenever U depends of some Lie group G, any element k of the Lie 
algebra TiG is the infinitesimal generator of the one parameter group of trans- 
formations : U -.R^ C{E;E) r.U (cxp^fi;) 

Then, if the continuity conditions above are met, there is an infinitesimal 
generator S depending on k : 

wle=o = d^ls=i [—M—\e=o ) = -ii>K = U (1g) k 

And conversely each value of k defines a family of gauge transformations 
with one degree of freedom. 

3. For the vector representing the state : 

For the observables we have similarly : 

Yj{e) = u{0)oYj{o)oui-e) 

^ = -iS o U {9) oYj {0) o U {-e) + iU {6) oYj {0) o S o U {-0) = -iS o 

Yj{e) + iYj{e)os = i[Yj{e),s' 

because S, U {0) commute. 

4. As said previously the map U shall be considered as part of the model, 
as it is directly related to the definition of the variables. Moreover it is also an 
observable which can be subject to measures. But, as U is unitary, it cannot be 
self adjoint or trace class. 

The status of S is less obvious. It is computed from other observables, and 
the validity of the niles upon which they rely can be checked this way. However, 
using the relations above, it may be possible to identify some variables, with 
a clear physical meaning, which can be measured, and thus to use them in a 
model. This is the case for the translations and rotations in space which are 
seen below. 

4.3.3 Symmetries 



1. A system is symmetric with respect to a transformation represent (xl by U 
if, for two observers X,X' such that X'=U(X), the value of the observables are 
eqna.l:Yj{X)=Y^iX')^j:.^jX^ej=j:.^jx'^ej 

Then, because {(pj,tp) = x\ {(l)j,tp') = x'^ we have : Yj (tp) = Y'j {ip') = Uo 
o U* {ip') and conversely. 

2. If the transformation is the continuous representation of some unitary 
group then the one dimensional symmetries are defined by an element k of the 
Lie algebra : V0 € M : C/ (exp 9k) ip (0) = ip (0) . The corresponding states must 
be eigen vectors of U (exp 9k) and they must belong to the kernel of : 
U'{1g)k{7P{0))=0. 

3. A symmetry can be seen for an observable only. Which means that : 
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WiIj e Hye e n : Yj (e) (v-) = c/ (6*) o Yj (o) o u {ef {ip) = Yj (o) (^) <^ 
u {e) o (0) = Yj (0) o [/ (^) ^ [f, (o) , u {e)] = o 



4.3.4 The units issue 

The observers have the choice of their units. If two observers 1,2 use units 

for an observable a;-' such that : x'^ — kx^ then we must have : {xi^X2)^ = 

{x[,x'2)e = (V'i>'02)h = {Uxi,Ux2)e = \k\'^ {xi , X2) e ^ k = ±1. It implies 
that the observables must be dimensionless quantities. This is in agreement 
with the elementary rule that any formal theory should not depend on the units 
which are used. But has some important consequences as will be seen. 

4.4 Fiber bundle extension 

Our picture opens the way to an extension which could be very helpful, as it 
addresses a common class of models of theoretical physics. 

4.4.1 Beisic model 

1. One large class of models has for variables sections of a vector bundle. As 
any vector bundle can be associated to some principal bundle, there is no loss 
of generality to use the following general model : 
M is a manifold 

P(M, G, tt) is a principal bundle with base M, fiber group G and projection 
TT, with trivialization p = if (m, g) (we will always assume that the bundle is 
trivial in the bounded area covered by a system) 

(V,r) is a finite dimensional representation of the group G, and (>fi)i'=i ^ 
basis of V 

F [V, r] is the associated vector bundle, with holonomic basis (m) associ- 
ated to the couple {(p {m, 1) , ~ {tp (m, g^^) , r (g) x^) 

G and V can be the direct product of similar structures. 

The continuous variables are assumed to be a section X belonging to some 
vector space Ec X {F) of sections on F. The set of sections of a vector bundle 
has a structure of vector space, with fiberwise operations, which is infinite di- 
mensional, thus it fits well in our picture. It can be the Banach space Xooc {F) 
of smooth compactly supported sections (as the area covered by the system is 
bounded, one may assume that the variables are null out of a compact sub- 
set of M). Notice that a basis (ei).^^ of X{F) is a basis of a vector space of 
maps. Thus x (m) — J2iei ^^^i i'"^) where the components are constant, null 
but for a finite number, and ej (m) are sections in 3G [E) . 

2. We can apply the previous results. There is a scalar product on E, an 
associated Hilbert space H, and each section of X (F) is represented by a vector 
ip. To each section e, is associated the vector £i . We know of such structures 
of Hilbert space on set of sections, the most usual being E=L^ (M, /x, F) with 
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a Radon measure /i on M (JCD Th.2171). But wc have proven that there is 
necessarily such a structure for (almost) any physical model. 

3. Any primary observable can be written as Yj {X) = x^ej so is associated 
to the dual map eJ . And similarly on H the observable is associated to the vector 

which is the vector associated to the 1-form : : H ^ C :: {tp) = {4>j,ip} 
The theory of distributions (or generalized functions) can be extended to 
sections of vector bimdles (JCD p. 670). Such a distribution acts on Xooc (-F") 
globally (they are not necessarily defined by operations fiberwise). Any distri- 
bution A e Xooc {F)' defines a scalar continuous observable, to which is associ- 
ated the operator on H : A (ip) = A (T~^ (ip)) which belongs to the dual of H, 
and so there is an associated vector (px & H : X (tp) = A (T~^ (i/;)) = {(px, ip) ■ 

4. As we assume that we stay inside the domain of definition of one chart of 
P, the variable Yg j£ {F) is defined by a map : y : M -^V m a, vector space Sy 
of maps. Similarly a section Zg X (P) of P is defined by a map : 2; : M — > G 
belonging to a space of maps Sp (which, usually, is not a vector space). 

5. The definition of secondary continuous observable proceeds along the 
same line as seen previously. 

4.4.2 Discrete variables 

1. A discrete variable can be seen as a function D taking discrete values 1,2, ...d 
over M. Thus it can be modelled as a partition of M in d disjointed subsets M]^ 
where D = k and the associated vector as: ("^) = YL'k=i C"^) & H 
with the characteristic function of M^,. 

2. This model is necessarily discontinuous, which raises many issues, both 
physical and mathematical. It could be possible to replace the discrete variable 
by a function taking its values in R , the splitting in d segments being then 
part of the estimation process (similar to the use of filters on the signal x(m)). 
However the structure of vector space would not be formally preserved for such 
continuous variable. 

4.4.3 The r jet extension 

1. Many usual models involve derivatives of variables. In our picture each deriva- 
tive is treated independantly. When the variables are sections of a vector bundle 
one can use the jet formalism. To any vector bundle F one can associate its r jet 
extension F which is a vector bundle on the same manifold. A section of ,V F 
is given by a map : M — >• i^^^i -^ai-.-a, ('^) > '^k = I--- dimM, s = 0...r) 

where the coefficients Zl^^ are symmetric in the lower indices. Notice that 
they are independant, so X (J'^F) ~ X {F)^ : it is isomorphic to the product of 
N (depending on the dimensions and r) spaces of sections on F. 

2. A system described in J^F gives rise to a Hilbert space which can be 
seen as the (finite) direct sum of Hilbert spaces : 

Hj- = ©^=0 ®l<a;i...<aa<dimM -ffai...ar • 
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If (ei)jgj is a basis of X (F) , a basis of X {J^F) reads 
{ef'-"', 1 < .. < ttfc < ... < dimM,s = 0...r).gj 
and the associated hilbertian basis of Hr : 

1 < .. < afe < ... < dimM,s = 0...r).g^ 
A vector of Hr reads : 

V'r- = Z^s=0 X)l<ai...«.,<dimMl V'ai...a^ where V'ai...a^ = Z^ie/ V'ai...a^^^ 

3. Each section on F induces, by derivation, a section on J^F. The map, 
denoted J'' is hnear and continuous (but neither injective nor surjective). So 
there is a Unear continuous map : : H ^ Hr and, with obvious notations, 
we have the following commuting diagram : 




jr oT = Tr O J"- ^ J"- = Tr O J"- O T"! 

4. If we consider the derivatives with respect to a specific variable a, their 
values J^F are a vector subspacc of J'^F and the map : tt^ : J^F — J^F is a 
projection. So, this is a primary observable, and there is an associated operator 
: TT^ G jC {Hr; Hr) such that : 



7r!l = T r o Trl o ^ 



« (rx)) = {Tr {.rx)) ^ 

TT^ is linear and self-adjoint. So vf'" o J'' = T,. o ttJ^ o J'' o T~-^ is linear. 

5. These considerations extend to any linear differential operator : 
D : X (J^F) — > X (F) which gives rise to a self-adjoint operator 

D : Hr H :: D = T o D o T~^. In particular if there is a first order 
linear connection on F (induced by a principal connection on P) with covariant 
derivative : 

VF = Eij=i {d<.v' + Ti^y') ® Ki (m) , with Ki a basis of T^G, 

for any a E { 1 . . . dim M } wc can consider the associated operator : 
Va : ^ :: Va = T o Va o T-i 

6. The principle of least action states that for any system there is some real 

function which is stationary. It is usually specified with a lagrangian, but it can 
be formulated more generally as a distribution A acting on the r jet prolongation 
of a section representing the system. To such a distribution is associated a vector 

07- e Hr and the principle of least action reads : (^(j)r, J^ip^ = which is a 

linear equation. 

7. If the variables of the system are assumed to satisfy some partial differ- 
ential equations, which is defined as a closed subbundle of J'^F, it sums up to 
take a restriction to a vector subspace of E, and to closed vector subspaces of 
II,H^. 
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4.4.4 Gauge treinsformations 

In this model wc have two possible gauge transformations : 

- a change of local frame : we go from pi = ip (m, 1) to z = (f (m, g (m)) 
where g(m) can varies with m 

- a change of chart on M : M is a finite dimensional manifold, and can be 
described in any compatible atlas 

Change of frame 

1. The structure of associated vector bundle brings a natural gauge trans- 
formation : the observer of reference uses the frame : pi = (p (m, 1) and any 
other observer the frame : z — ip{m,g{m)) defined by a section Zg X{P) of 
the principal bundle. So we have two measures of the variable Y and an action 
of Zg X (P) on Ye X (F) defined fiberwise. 

There is an obvious structure of an infinite dimensional topological group on 
j£ (P) by defining the operations fiberwise. The action reads : 

[/ : X (P) X X (P) X (P) :: U {Z) {X) (m) = (m, g-^ (m)) , r {g (m)) x) 
Clearly the measures on X and U {Z) {X) are equivalent so U is unitary 
with respect to the scalar product on 3£ (P) and there is an associated unitary 
operator : 

U (Z) : H ^ H r.U (Z) = ToU{Z)oT-^ so U{Z) {T {X)) = T{U{Z) {X)) 
It sums up to an action of maps M — > G on maps M 
U : Sp X Sv ^ Sv "U (Z) (x) (m) = r {g (m)) x (m) 

2. The infinitesimal generators of one parameter group of gauge transforma- 
tions are given by sections of the associated vector bundle P[riG, Ad]. Fiberwise 
the action reads : 

U (9) {X) (m) = (m, cxp {-Ok (m))) , r (cxp {0k (rn))) y) with k (m) G TiG. 
The previous results apply and, if the action is continuous, for any section 
Kg X (P [TiG, Ad]) there is a map S{K) G £ (X (P) ; X (P)) such that : 
=S{K)o U{6) ^U{6)= exp 6S {K) 

and a self-adjoint operator S{K) G C{H;H) such that : =S{K)o 

m 

Fiberwise we have : ^ = r' (1) k (m) (y) with r' (1) n (m) G L {V; V) 
A section K is the generator of a " Noethcr current" , so to any such current 
is associated a self-adjoint operator S {K) G £ {H; H) 

3. If the physical phenomenon represented by the section X is symmetric, 
meaning that : U (Z) {X) = X for some section Z generated by a one parameter 
group of gauge transformations then : 

W : U (Z {9)) ii;) = 

tp is an cigcn vector of the unitary operator U {Z (9)) 

Then it makes sense to introduce this specific section Z as an additional 
variable in the model, the state of the system is represented by a pair {^y, ^z) 
and we have the relation : tjjY G kerr' (1) V'z 
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Change of chart 

The model is purely geometric : m and X do not depend on the chart used 
for M. As above we can assume that the area covered by the system lies in the 
same open of M, so wc can consider one chart ip, Lp' for each atlas, defined on 
the same space M" and the change of charts reads : ^ (m) = ^, ip' (m) = ^' with 

The sections ^ (^) , ^' (^')) = ^ (u (^)) can be represented in the same space 
E of maps , and there is a unitary operator U on E such that S' = [/ (S) . It sums 
up, by using the same basis of E, which are maps ei : M ^ E to define 

S' by coordinates x'* = C/ (.t*) and the change of chart is global : x''^,x^ are 
constant scalar and U does not depend on m. Indeed a chart is a map defined 
over a large domain, and the chart itself does not depend on the point of the 
manifold. The associated operator U on the Hilbcrt space H is unitary, and the 
change of charts sums up to a global isometry. Moreover the unitary operators 
U,?/ cannot be easily deduced from u. So, usualy, the necessary conditions 
entailed by a change of chart do not bring much. 



5 THE EVOLUTION OF THE SYSTEM 



Most physical models involve localized data. The coordinates are measured 
with respect to some frame, which can be changed according to a group of 
spatial transformations. The Wigner's theorem deals with this kind of issue. 
However, in physics spatial and time transformations can be related. So far we 
have considered the system "at a given time". To study the evolution of the 
system wc need to introduce additional assumptions about the geometry of the 
universe, meaning the model which relates the spatial coordinates and the time 
coordinate to label the events which are observed. The three basic models are : 

- the galilean model of classical physics : the time and the spatial coordinates 
are not related, and there is a unique universal time for all the observers 

- the model of Special Relativity : the universe is modelled as an afiine 4 
dimensional space, endowed with a lorentzian metric. 

- the model of General Relativity : the universe is a four dimensional mani- 
fold endowed with a lorentzian metric. 

The model which is chosen defines the "gauge transformations" upon which 
one goes from one observer to the other, both in space and in time. But the 
definition of a physical system itself depends also on this choice. 

Let us first consider the classical case. 
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5.1 Galilean geometry 

5.1.1 The geometry 

We are so used to the common geometry that some of its features seem obvious, 
but they are not. 

In the Gahlean picture the key features of the geometry of the universe 
arc the separation of time and space, and the isotropy of space. So it can 
be modelled as the product of a 3 dimensional afhne euclidean space S by M. 
S is a manifold, with charts defined by frames comprised of an origin and 3 
orthonormal vectors and the holomic bases arc the same at any point. Its 
tangent vector space, where live all physical quantities described as vectors or 
tensors, is thus a 3 dimensional euclidean vector space, localized at some point 
of S. The observer located at m uses an orthonormal basis B which is deduced 
from the holonomic basis by some rotation R G SO (3) . 

Physically the measures of length can be done by surveying. Formally, be- 
cause S is an affinc euclidean space, the isometrics belong to the group of dis- 
placements, semi-product of the group of translations in M.^ by the group SO (3). 
If there is a vector V, expressed in the holonomic basis, located at p, then for 
an observer Ai in mi with frame Bi there is a displacement which goes from 
p to Ai and brings the vector V in the frame of Ai. The "position" of p with 
respect to Ai is given by the translation p-mi . And for two observers Ai , A2 
there is a displacement to go from the position of p and components of V as 
read by Ai,A2. 

All this is a bit pedantic, but these precisions will be useful. 

5.1.2 Schrodinger and Heisenberg pictures 

Because there is a universal time, the follow up of the system can be conceived 
from two, equivalent, points of view. 

1. In the Schrodinger picture there is only one set of configurations of the 
system, covering the whole evolution of the system. The time is considered as 
a parameter for the location of the measures, all variables depend on the time. 
Thus the time is not an observable (it does not have a precise value over the 
whole evolution). 

A continuous variable X reads : X = ^^^jX^ei G E where a;* are constant 
and E is a space; of maps (depending on time). 

A state, representing the whole evolution of the system, is a vector in the 
Hilbert space H. 

Similarly observables are maps Yj : E ^ Ej and their associated operators 
: Yj:H-^Hj 

2. In the Heisenberg picture the system is considered at different times : 
tlicirc! is a sequence of states indexed by the time. 

A continuous variable X reads at t : X [t) = Ylii^i' ^^^'i ^ ^' where are 
constant and E' is a space of maps (which do not depend on time but may 
depend on other parameters). 
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The state at the time t is a vector tp (t) in the Hilbert space H', which is the 
same for all t as the model does not change. 

Similarly observables are maps Yj (t) : E' ^ E'j and their associated oper- 
ators : Y'j {t) -.H'^H'j 

The time is an observable (it can be measured), a real scalar t. 

Both models are legitimate : they are based on different choice of the vari- 
ables. But of course the measures are done at precise times. We have similar 
definitions for discrete variables, however, by nature, their evolution is not con- 
tinuous. 

3. If the system is not isolated and there is some action of the "outside" 
on the system, this action must be incorporated in the model, described by a 
variable which is a function subject to measurements. 

4. One goes from the Schrodinger picture to the Heisenberg picture by an 
evaluation map : 

S {t) : E ^ E' :: £ (t) (X) = X (t) 
and similarly in the Hilbert spaces : 
£{t):H-^ H' -.-.iit) {ijj) = ijj {t) 

These maps are linear and we assume that they are continuous morphisms. 
The previous formalism can be simplified. We can consider the vectors of 
the basis {ei)^^j as functions of t, so that ; 

£ it) (X) = £ (t) (E.e, x^e,) = E.e/ (*) (e.) = E^eI ^'^^ W 
The components a;* are constant and E=E' 

Then H=H' and for each value of t there is an associated basis {si of 
H and a vector representing a state has constant components in H. 

5. Conversely one goes from the Heisenberg picture to the Schrodinger pic- 
ture by estimating functions depending of time by a procedure, such as sampling 
with different frequencies, and usually it involves statistical methods. This point 
is seen below. 

5.1.3 Time evolution 

We will prove the following : 

Proposition 20 The evolution of a system is described by a map : (tpd, i^) : 

H and there are self-adjoint operator Ud,U such that : ipd (t) = Ud {t) tpd (0) ,1^ (t) = 
U{t)tp{0). Moreover for the continuous variables : U (6) = exp(^j^tH) where 
h is some universal constant and H an anti-hermitian operator. 

We will proceed in two steps, using first the Schrodinger picture, then the 
Heisenberg picture. 

The Schrodinger picture 
Proof. 

i) The galilean model is particular in that the "time dimension" is modelled 
as an afiine space, isomorphic to M. Thus observers are related by an afiine 
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transformation : t2 = ati + 9 depending on the choiee of the origin of time 9 
and the unit of time a. And because the observables must be dimensionless the 
only transformations are the translations. 

ii) Let us define a fixed observer with time t, which takes measures on the 
system and its evolution. He measures some Xq (ip) S Eq for a given state 
tp of the system. Any other observer using a time t/ = t + 6 with a fixed 
^ € M measures Xg {ijj) for the same system, and there is a unitary map : U (9) 
such that : Xg (ip) = U {9) Xq {ip). Which is interpreted as the first observer 
sees a state ipo, the second observer a state tpe and there is a unitary operator 
U{9) e C (H; H) such that : ipg^U (9) ipa- Moreover : 

y9, 9' eR: ^Jg+g' = U (9) (u [9') V'o) and U (0) = Id 
We have the same result for the discrete variables D. 

iii) So we have a one parameter group on a Hilbert space. If, Mip €: H the map 

R £ {H; H) :: U (9) tp is continuous, then U is differentiable with respect to 
9 and the group has an infinitesimal generator, that we will denote H to follow 
the custom (there is no risk of confusion with the Hilbert space H), such that : 

i^\e=o W = Hi, and U (9) = exp {-i9H). 

Which reads : ipg = exp {—i9H) tpo «|f Iso = Hipg^,. 

One can assume that the one parameter group is continuous for the contin- 
uous variable, however there is no general justification to keep this assumption 
for the discrete variables. Indeed the continuity in this case is equivalent to the 
stationarity (they are constant). Notice there is a unitary map at each 9, but 
this map is not continuously defined. 

iv) The operators Yj (9) = U {9)oYj {0)oU (9)* associated to the observables 
are differentiable with respect to 9 : 

^Yji9)=z[Yj{e),H 

The group of gauge transformations is abelian. The operators Yj {t + 9) , Yj (6) 
commute. The operators H and U commute, by the properties of the exponen- 
tial. ■ 



The Heisenberg picture 
Proof. 

i) We go from the Schrodinger picture to the Heisenberg picture by the 
evaluation map : 

£{t):E^E ■.■.£{t) {X) = X (t) 

The action of the translations in time reads : 

£ (t) {U (9) X) = X{t + 9) = £{t + 9){X) ^ £ (t) o U {6) = £ {t + 6) = 
£{9)oU {t) 

It reads in components : 

u{e)x = ^,^,[u{e)]ix^e, 

£{t + 9)X = Eie/ x'ei {t + 9) = E^e/ P (t)]] x^e, (9) 

With e = 0:£{t)X = x^Bi {t) = Eie/ [U (t)]] x^et (0) = U{t)£ (0) X 

that is: £{t) = U {t) £ (0) 
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Similarly the evaluation map £ (t) = U (t) o £ (0) . 

ii) The previous equations read : 
i) (t) = exp {-itH) i) (0) 

iii) As said previously the observables should be unitless, as it is obvious in 
the exponential : U {€) = exp {—itH) . But if t is incorporated as a parameter, 
wo need some constant to absorb the unit. This constant does not depend on 
the system but only on the units which are used. So we see the necessity of the 
universal constant h in the previous expressions, and we have the usual relations 
of Quantum Mechanics: 

%\e=t = hHU{t) = i-^U{t)H 
^Yj{e)\e=t = -i-AH,Yj{Q)\ , 



Stationeiry states 

A state is stationary if it is symmetric with respect to the time t. 
ip (t) = exp {-itH) (0) = ^ (0) <^ (0) G ker iJ 



Thus 



An observable Yj is stationay if Yj {t) = Yj (0) H, Yj (0) 



= 



Probability and evolution of the system 

One goes from the Heisenberg picture to the Schrodinger picture by estimat- 
ing functions depending of time from samples of data at different times by a 
procedure which involves statistical methods. This procedure introduces uncer- 
tainty on the result of the measure, depending notably on the frequency of the 
sampling, in a way similar to any other measure. 



Proposition 21 In the Schrodinger picture, there is physical probability v (J) = 

(V') foT any state = 1 that the trajectory of the states belong to the 
vector subspace Hj . And the same probabilty holds for the associated trajectories 
as measured by an observer. 

There is a probability \\P {t) {ip {t))f that 2p {t) G P{s) {H) where P is the 
spectral resolution of the operator H. 



Proof. 

i) The uncertainty comes from the measure at any given time : any measure 
of X {t) = X^jgj a;*ei (f) belongs to some vector subspace Ej, with J a finite 
subset of I. It comes also from the fact that the map X -.M. ^ E is estimated 
from a finite sample of measures at different times. If we stay in the Schrodinger 
picture, both fall under the scope of the previous theorem : any measure of a 
state Ip & H oi the system has the probability v (J) of belonging to Yj {H) . v 
is a physical probability law on the measurable space (1,2^) and if = 1 then 
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Yj (tp) = u (J) = Pr (V' € Hj) . The probability is related to full trajectories, 

not points on the trajectory. 

ii) (H,t/) is a unitary representation of the abelian group (M, +), if the 
map f/ : M — >■ £ {H; H) is continuous there is a unique spectral measure P 
on the Borel cr— algebra ctr of R such that : U (t) = J^exp (its) P (s) (JCD 
Th.l859A851). Thus, using the proposition 17, the induced formal probability 
law : ^(s) — \\P (s) (V' can be interpreted as fi (s) is the probability that 
the physical measure of {t) G H', ||^ {t)\\ = 1 belongs to P(s)(iJ) . 

iii) If U is continuous, it is smooth, and the function of t : (U (t) ip,ip) = 



Jjj exp (its) {P (s) V', ip) is differentiable with respect to t and : {^-^U {t) \t=to'^, tpj = 
is exp {itf)s) {P (s) ip, ip) . For to = : it gives {—iHij), = i J^s {P (s) ij)) 

So the spectral mcasmc P is the spectral resolution of the operator H, 
P (R) = Id and H = J^tP {t) ,so H can be seen as the observable associated to 
the time t. ■ 



5.1.4 Spatial transformations 

To study spatial transformations one can adopt cither the Schrodingcr point of 
view, then the spatial transformations are fixed over the whole evolution of the 
system, or the Heisenberg point of view, and letting the parameters vary with 
the time. The second is used to study the movement of a rigid body, and gives 
the classical relations of kinematic. The first is more interesting in our picture. 



Framework 

1. The choice of a chart for the manifold S is just the choice of an origin O 
and an orthonormal basis {ea)\=i • It is arbitray and will not play any role in 
the model. Let us consider a first observer 1, whose frame can be assimilated 

to (O, ( 

^a)a=i ) s.nd a second observer 2 which is located at p and uses a basis 

deduced from {^aH^^i by a rotation R G SO (3) . 

A displacement is defined as a couple of a translation represented by a vector 
T e and a rotation g e S'0(3), with 

product : {g,T) x (.g',r') = {gg' ., g {t') + t) 

and inverse (5,t)"^ = {g^^ , -g^^ (t)) 

2. The main kind of variables which can be considered are : 

- the location of an event (such as the position of a singled out particle) : 
it is represented by a vector in M'^ and the relation between the variables as 
observed by 1 and 2 is : X2 = R {X\) +p with the displacement {R,p) 

- a vector defined over the system : it is represented by a vector V in R"^ and 
the relation between the variables as observed by 1 and 2 is : V2 = R{Vx) with 
the rotation R 

- a localized vector, represented by a map : F : R^ — > F where F is some 
vector space, belonging to a vector space of maps E. The relation between the 
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variables as observed by 1 and 2 is : 12 (C2 ) = Yi (Ci ) where (.2 = R {(.i) + P 

As we are in the Schrodinger picture each variable is a function of the time t, 
thus we have an infinite dimensional model and we can implement the previous 
resiilts. R and p are defined globally, so they are constant, but we can consider 
different families of observers, each one corresponding to an element of the Lie 
algebra. 

We can distinguish vectors ijjx ,ipv t'iPy corresponding to each kind of vari- 
ables, which take value in the vector subspaces Hx,Hv,Hy image of H by the 
operators associated to the observables. Notice that, because all the variables 
are functions, all these subspaces are infinite dimensional. 

We have the action of the group of displacements on the system, and there are 
unitary operators U and U, that we can break down in operators acting on the re- 
spective vector subspaces. So we can consider (^Hx, Ux^ , (^Hy, Uy^ , (^Hy, Uy^ 
as distinct infinite dimensional representations of the goup of displacements or 
the group of rotations. 

We get a representation of the group of displacement by the product of a 
representation of the group of rotation, and a representation of the group of 
translations, following the rules above. Thus it is useful to consider separately 
the action of each group on the different kind of variables. We assume that the 
spatial transformations are continuous, then they are smooth. 

Spatial rotations 

1. A variable V is a map V:R R"^ which reads : V = X]ie/''^*^« where u'^ 
are constant and the Cj are a basis of some space of maps. For a given observer 
2 the rotation R is constant, so RV = X^jjg/ [U {R)fjV^ei and in the Hilbert 

space H we have : U {R) ip = [U {R)]] v^Si. 

2. SO (3) is a compact Lie group, thus any continuous unitary representation 
is reducible in the direct sum of orthogonal finite dimensional irreducible unitary 
representations. So there is a family {Hci)^^j^ of orthogonal, finite dimensional 

vector subspaces of H which are invariant by U (R) and such that : H = (BaHa- 

Each family can be labelled by its character Tr {u {R)j , these characaters are 

those of the maximum taurus of SO (3), which is given by the diagonal matrices 
with elements expi^, thus one can label the family by the cornponents of the 
axis of rotation r of R : = (BrHr and on Hr the operator U is U (expKr) 
where Kr is the element of so (3) with components Kr- Because H is separable 
there can be at most countably many such subspace Hj- and values of r. 

3. Each vector subspace Hr corresponds to the states which are symmetric 
by a rotation of axis r. And if the system has such a symmetry, then H (at least 
its part Hv) is necessarily finite dimensional and V reads : V = v^Ci. Then 
there is a finite probability given by ||(V',ei)||^ to observe one of the "modes" of 
rotations Cj. 

Translations 

1. A variable X is a map X:R — >• M.^ which reads : X = J^iei^^^i where 
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.T* arc constant and the arc a basis of some space E of maps. For a given 
observer 2 the translation P is constant, so: 

(PX) it) = E,6, x% {t)+p = Ei,,ej[U (p)]] x^e, {t) 

and in the Hilbert space H we have : U {p)'ip = J2i jei iP)Tj 

2. Translations are not a compact group, but this is an abelian group. Its uni- 
tary representations are given by spectral integrals : U (jp) = /^a (exp i{X,p)) P (A) 
where P (A) is a spectral measure on and {X,p) the common scalar product. 

Thus we have : 

^{p) = U ip) f (0) with U ip) = ^3 (exp t (A,p)) P (A) e £ [H; H) 
and P (A) = ^x(A) where x (A) belongs to 2^ . 

II P (A) (V')ll^ can be interpreted as the probability that the physical measure 
oftp £ H, \\ip\\ = 1 belongs to P(A)(i?) . So there is a family of trajectories, each 
with some probability to be observed, and these trajectories are continuous or 
not according to the choice of E. If the trajectories are supposed to be smooth, 
the observed trajectories are smooth. 

3. A one parameter group would be : U {Op) = {expi {X,6p)) P (X) for 
some fixed value of p, and a symmetry would imply : 

V6I : (P (61) X) (t) =X{t)+P{0)=X (t) so there is no symmetry is P^^O. 

Local variable 

1. A local variable Y is a map : Y : S x T ^ F :: Y {^,t) valued is some 
vector space F. It reads : Y = X^^g/ V^^i where are constant and e, is a basis 
of some vector space E of maps : 5 x R P. 

A spatial transformation is Y2 (^2, t) = Yi (^1, t) where ^2 = P (^1) + P and 
R,P are constant. There is a unitary map U such that : 

Y, = iUY,) = j:..^j [U])yie, 

and (II,t/) is a unitary representation of the group of displacements: 

U [R, P)oU (R, P) = U (RR', R (P') + P) 
U {R, P)~^ = U (P-I, -P-i (P)) U (R, P)* 

The group of rotations on one hand, the group of translations on the other 
hand, are both subgroup of the group of displacements and the restriction of U 
on each subgroup is a representation. 

So there are invariant subspaces Hr by rotation such that : (^Hr, U (exp Kr, 0)^ 

is an irreducible representation of S0(3) and a spectral measure P(A) on 

such that U{l,p) = Jg3 (expi (A,p))P(A) 

U{R,P) = U{l,P)oU{R,0) = ^3 (exp i (A, p))P{X)oU {R, 0) 

2. The symmetries are deduced directly by differentiation of the equation 

X {[ex-pen]^ + ep,t) = X {^,t). 

5.2 Relativist Geometry 

Relativity introduces a dramatic change in the definition of a system and of 
physical models. Because time and space coordinates are linked, it is no longer 
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possible to describe the evolution of a system independantly of its spatial ex- 
tension. Further more, as we have required that a system stays in a precisely 
defined, and bounded, area, the definition of the system itself cannot be inde- 
pendant from the observer. 

5.2.1 The relativist model 

Reminder of the principles of relativist geometry 

It is more illuminating, and not much difficult, to deal with the geometry of 
General Relativity. It is based on four basic assumptions : 

i) The universe (meaning the " container" of everything) is a four dimensional 
manifold 

ii) There is a lorentzian metric represented by a symmetric bicovariant tensor 
g, that we will take with the signature - + + +. The existence of such metric 
splits the vector space tangent at each point according to the sign of g(u,u) 
(with this signature the time like vectors have g(u,u)<0 and the space like 
vectors g(u,u)>0), and the subset of time like vectors into two disconnected 
components (future and past oriented vectors). 

iii) All material bodies travel along a "world line" , future oriented, parametrized 
by their proper time. The "proper time" r of an observer M (as measured by 

a clock) is such that g (^, ^) = -f'^ with the "speed of light" c. Similarly 
it is assumed that the field forces propagate, as the electromagnetic field, along 
trajectories such that g(u,u)=0 (the "light cone"). 

iv) There is a linear metric connection which transports orthonormal frames 
as orthonormal frames 

Because space and time are linked, any physical measure of length is based on 
electromagnetic signals, which implies additional assumptions about the speed 
and trajectories of such signals. In Special Relativity the isometries are still 
affine maps, and so the study relies on the group of dispacements in Minkovski 
space (the "Poincarc group"), in a way similar as the Galilean geometry. In 
General Relativity this is no longer the case and we must use a more elaborate 
framework. 



Network of frames 

The definition of a physical system goes in pair with that of a network of 
privileged observers. A system is still a delimited region of the universe (so here 
cosmology is excluded) but, because there is no longer a universal time, the 
evolution of the system (and indeed the definition of the physical system itself) 
must be related to a family of observers : at each time the spatial extension of 
the system must be defined. The method is to build a network of frames, in 
which the events can be consistently measured. This network is a local "gaussian 
chart" of the manifold. 

The starting point is a connected space- like hypersurface (its normal are time 
like) S(0). It represents the "present" of an observer at its proper time t=0. The 
choice of this hypersurface is arbitrary and crucial, because it defines completely 
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the system. The metric induced over S(0) is riemannian, so it is possible to 
define by classical means (such as the "radar" coordinates of Einstein) a system 
of coordinates and 3 dimensional orthogonal frames. 

Over each point x of S(0) there is a unique unitary, time like, future oriented 
vector n(x) normal to S(0). This vector is "virtual" for an observer located 
at X, but it defines the tangent to its own world line and the 4th vector of its 
orthonormal basis. We assume that there is a linear connection on M, so that 
it defines geodesies : in a neighborhood of x there is a unique geodesic tangent 
to n(x). The observer can stay on the geodesic by checking that there is no 
change in the inertial forces. He can similarly transport the frame from x along 
this world line. So we can define a family of geodesies 7 {x, t) tangent to n(x) 
and a vector field n in the future of S(0), which is the infinitesimal generator 
of diffeomorphisms which maps S(0) to a hypersurface S(t) for each <; > .One 
can prove that the vector field n is orthonormal to each S(t). 

In any region of the universe with no singularity this construct is always 
possible (but certainly not at a cosmological scale because there is always some 
point where the geodesies cross or vanish). The system is then defined as the 
area enclosed in a region O generated by some open bounded domain of S(0). 
Each slice of intersecting S(t) is considered by the observer as the system at 
the time t. We see that the choice of another hypersurface S(0) defines another 
system. Geometrically O is a 4 dimensional manifold and a trivial fiber bundle 
with base M with trivialization : m = {x, t) where is the flow of the vector 
field n and x a point of S(0). 

Spatial coordinates in S(0) can be established by any conventional method 
and transported along the vector field n which are geodesies. Notice that events 
occuring on S(t) cannot be reported live to the observer, but can be reported 
with a known delay. A bundle of orthonormal bases is built in each point, in a 
consistent manner, defining a principal bundle structure on M. 

A particle which is located at some point x of S(0) (it enters the system 
at t=0) follows its own world line /i (r). Because M is a fiber bundle, for each 
point /i (r) of its world line there is a unique time t=7r (/i (r)) (consistent with 
the time of the observer). The 4 velocity u=^ of the particle is a future 
oriented, time like vector, which is projected on the base M as a positive scalar 
tt' (/i (r)) u = ^ > 0. So the map t (t) is injective : at any time t the particle is 
in a unique hypersurface S(t), and a particle which enters the system stays in 
the system (if ft is "spatially" large enough). 

This construct seems a bit abstract, but it is very similar to the one used in 
the Global Positioning System (see Ashby) which accounts for General Relativ- 
ity. 



The physical model 

The geometry impacts the description of the system, and so the list and 
properties of variables associated to measures which compose the model, in two 
ways. 
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All the variables depend at least of the time, and because time is linked 
with the space coordinates, they must be some functions of the coordinates of 
a point m, expressed in some frame. So they are sections of vector bundles 
(or their jet extensions) with base the 4 dimensional manifold M modelling the 
geometry of the universe. The continuous variables can be considered as section 
of a common vector bundle E, belonging to some vector subspace of X{E). 
As such they are subject to a change of chart of M. These vector bundles can 
be associated to the principal bundle P of orthonormal frames on M, with its 
metric, and then they are also subject to a change of gauge in P. Or they can 
be associated to other principal bundles (but still with the base M), and then 
they are subject to change of gauge in these principal bundles. 

The general results seen previously apply. In particular : 

i) To any configuration is associated a state of the system, represented by a 
unique vector ip of a, Hilbert space H. 

ii) There is an inner product on the space 3C (E) and isometries T : X (E) — )• 

H. 

iii) Any continuous primary observable Yj , which would be usiially some vari- 
able Sfe, is associated to an operator on H such that : Yj (tp) = J2je.J (^j' ^) 
which implies that the section Yj is a linear function of ijj. 

iv) Whenever the measures done by two observers, using different frames p 
over M, are related by a unitary map : X2 = UX\ then the vectors representing 
the states are similarly related by ip2 = U V'l 

5.2.2 Translation in time 

We use the chart defined above. The definition of the system itself is linked to 
the definition of the network of observers. Any change of the hypcrsurfacc S(0) 
or of the boundary of Q would change the area covered by the system, and the 
physical objects which are contained within. When S(0) has been chosen, the 
only freedoms of gauge which are left are the choice of the orthonormal basis at 
each point x of S(0) and the translation of time. 
We will prove the following : 

Proposition 22 The evolution of a system is described by a map : tp -.M.^ H 

and there is a self-adjoint operator H, a universal constant h such that : ip {t) = 
U {t) tp (0) where U {9) = exp {^tH) . 

So the results of the Galilean Geometry still hold in the General Relativity 
picture. 
Proof. 

Indeed the chart is defined by : m="I>„ {x, t) with $„ (x, 0) = a; G iS (0) . 

Let us define the chart : m=$„ (x, t — 9) with {x,d) = x G S (0) . It 
defines the same manifold. Moreover the flow of n is a one parameter group of 
diffeomorphism : {x, t + t') = ($„ {x, t) , t') , (a;, 0) = a; 
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This change of gauge has no impact on the holonomic bases which can be 
deduced from the chart (the 4th vector is stih n). The variable X is expressed 
with regard to the coordinates (x,t). 

Let us define the map : U {9) : X (E) ^ X {E) :: U {0) {X) (.x, t)= X{x,t- 6) 

U {9) {X) = X (9) is the variable for an observer which would used a trans- 
lated time coordinate. And : 

u(e + e') = u {6) o U {6') M{0) = id 

U {9) defines a one parameter group of transformations on the Banach vector 
space 3£ (E) . It has an infinitesimal generator. 

The Wigner's theorem can be applied : U must be unitary and the associated 
operator [/ on H is also unitary. The previous results for the Galilean geometry 
still hold. The fundamental relations of Quantum Mechanics are valid in this 
picture. ■ 

The state of the system at a given time is associated to the configuration on 

the hypersurface S(t). Of course this result is valid only for the kind of chart 
which has been defined, but it seems to be the only one that can be implemented 
for measurements. 

5.2.3 Change of spatial frames 

The study of gauge transformations will proceed along the lines given for general 
fiber bundles. But it is useful to give some additional precisions about the 
geometry of General Relativity. 

Further on the geometric model of the universe 

The usual model of General Relativity is a four dimensional manifold M en- 
dowed with a lorentzian metric g. Then the connection is taken as the only 
metric, torsionless connection, which is the Levy-Civita connection. 

However this model is neither the most general, nor always the most conve- 
nient (at least outside cosmology) which meets the required criteria : 

a) we need a four dimensional vector bundle F over M (which represents the 
local Minkovski space time) 

b) endowed with a lorentzian scalar product 

c) and a linear connection on F, which preserves the metric 

d) M must be "time orientable" 

As any vector bundle can be considered as an associated vector bundle, one 
can consider first a principal bundle P over M, with a group G which preserves 
the lorentzian scalar product. Second a unitary representation (IR^,r) of G, and 
third a principal connection on P. 

Then F is the associated vector bundle P[M^,r] , it is endowed with an 
adequate scalar product, and the metric g on M is deduced as a by-product. 
Moreover any principal connection preserves the scalar product, and the condi- 
tion to be torsionfree is optional. Besides, the condition d) is easily translated 
by requiring that G is restricted to its connected component of the identity. The 
Einstein equations can then be easily deduced the usual way by a lagrangian 
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method. The topological obstruction lies on the existence of the principal bun- 
dle, in the same terms as the existence of a pseudo-riemannian manifold (M,g). 
The other constructions are always possible. 

This model is " more geometric" , as it emphasizes the role of the frames. It 
is also more convenient for any gauge theory, and for our purpose here. 

In this picture the choice of the group G is more open. The most general 
group which preserves the Lorcntz metric is the Spin group (cither Spin(3,l) or 
Spin(l,3), which are isomorphic). Then the only choice for the representation 
is (M*,Ad) where the map : 

Ad :S'pm((3, l)xC;(3, 1) ^ Cl{3. 1) :: Ad,,?i = s-u- s'^ is defined through 
the Clifford product • and gives for -« e : AdgU = h{s)u with h(s) the element 
of S0(3,l) associated to each s and -s. 

This model offers additional interesting features (JCD th. 2010, 2101, 2103, 
2385): 

a) F is a spin bundle : at each point m the pair (F(m),g(m)) is endowed 
with the structure of a Clifford algebra Cl(m) isomorphic to Cl(3,l) and for any 
representation (V,r) of the Clifford algebra Cl(3,l), there are a vector bundle 
E=P[V,r] and an action R(m) of Cl(m) on E(m) which makes of (E(m),R(m)) 
a representation of Cl(3,l) equivalent to (V.r) 

b) the principal connection on P induces a linear connection on E, and the 
connections on E and F are related (this is a Clifford connection) 

c) the principal connection on P induces a Dirac-like differential operator 
D : J^E-^ E 

Rotations 

1. In this picture rotations arc represented in the principal bundle, and their 
action on any tensorial bundle built from F goes through the map Ad (with 
essentally the same effects as usual). The application of the Wigner's theorem 
follows the same linos as indicated previously for vector bundles. 

The observer of reference uses the frame : pi = (m, 1) and any other 
observer the frame : z = ip{m,g{m)) defined by a section Ze X (P) of the 
principal bmidlc. 

There is an action of the group X (P) of sections over P on the space X (E) of 

sections Y of any associated vector bundle E=P [V, r] over P defined fiberwise: 
[/ : X (P) X X (S) X (S) :: t/ (Z) (Y) (m) = {ip (m, g'^ (m)) , r (g (m)) y) 
so U is unitary with respect to the scalar product on X (E) and there is an 

associated unitary operator : 

U (Z) : H H :: U (Z) = T oU iZ)or-'^ so U (Z) (T {¥)) = T {U (Z) {¥)) 
If we restrict Z to global gauge transformations, meaning that g(m) docs not 

depend on M, then (H,C/) is a unitary representation of Spin(3,l), isomorphic 

to SL(C,2). 

2. The infinitesimal generators of one parameter group of gauge transforma- 
tions are given by sections of the associated vector bundle P[so(3, l),Ad]. Fiber- 
wise the action reads : U (6) {Y) (m) = (<^ (m, exp {—6k (m))) , r (exp {6k (m))) y) 
with K (m) e so(3, 1). 
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The previous results apply and, if the action is continuous, for any sec- 
tion Kg X{P[TiG,Ad]) there is a map S(i^) G C{X{E);X{E)) such that 
: = S{K)o U{9) ^ U{e) = exp9S{K) and a self-adjoint operator 

iS{K) e jC {H; H) such that : = iS {K) o U{e) 

Fiberwise we have ■ % ^ r' (1) k (to) [y) with r' (1) k (to) e L {V; V) 

3. With the vector bundle F = P [M^, Ad] we have the rules for a change 

of orthonormal frames. In its standard representation, any matrix of SO (3,1) 

takes the form (JCD p. 474) : 



[A] 



cosh ywhij 

^ sinh V w''^w 



t sinh V w^w 



h + 



w 

cosh 



/ w^w— 1 ^ 



where w is a 3 vector and 



R a 3x3 matrix of S0(3) 

If (da (m))^^Q is a holonomic basis of F at m, the vector labelled of the basis 

of the second observer is oriented as its 4 velocity, which has for components in 



the basis da ■ cuq 



where v is the spatial speed of the the second 



observer measured by the first observer. 



w 



The first column of [A] is uq so 
1 



cosh \rh 



which leads to the classical formula with w = tt^ arg tanh I 



[A] 



I3 + 



- 1 



R 
1 



Moreover [A] = (expp) 



with the 4x4 matrices p 







w 




and 



[R] = exp [j (r)] were r is a 3 vector, which are the components of the axis of 
spatial rotation represented by R. The components of w and r fully define an 
element of the Lie algebra so(3,l). 

Notice that the derivative with respect to the time, in the gaussian chart, of 
any section X of F can be identified with the covariant derivative V„X. As a 
consequence of our assumptions about the chart, we have : V„X = Thus for 
the vectors of the basis of the second observer we have the derivatives (expressed 

3 \3 

Now let us take as system an observer who travels along his world 
line in our gaussian chart. Its location at each time t (for the network) is : 
m{t) = i>„ {x{t) ,t) and x(t) is followed in some chart on S(0) by 3 coordi- 
nates (^" {t))a=i ■ Moreover his spatial speed is represented by the vector with 

components : ( ^ {t)] = v (t) 

The two vectors v(t), r(t) arc measurable and so we can take as variables in 
the model two maps : i? : R — . A state of the system (that is two maps 



in5.):^,(E 
4. 
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V,R) is identified with a vector ip oi a. Hilbert space. Using the linear map T 
this vector can be considered as a couple {ipvy'^Pr) € H x H. So we can apply 
the Schrodinger equation, and we have the two relations : 

iH^ = Hi;, {t) 

ih^ = JA {t) 

with two anti self adjoint operators H, J. 

If the maps V,R belong to the Hilbcrt space (M, d(_, R'^) this space is 
isomorphic to H, and {tpy,ips) can be seen as maps ip{^,t) , meaning as scalar 
fields over M. 

5. Other examples can be dcveloppcd, rising the connciction over Af and the 
Clifford algebra structure, but it would be out of the scope of this paper. 



6 CORRESPONDANCE WITH QUANTUM ME- 
CHANICS 

The previous definitions and theorems constitute the framework of a new formal 
system, which can be dcvciloppcd and extended to many areas of theoretical 
physics. It can be implemented in a broad range of topics, most probably for all 
the usual problems which are considered by Quantum Mechanics, so its results 
shall stand for these problems as well. This is not a matter of philosophical 
point of view : whenever the conditions listed above are met, and they are quite 
general and should be easily statisfied, the theorems follow by a mathematical 
demonstration. The picture that we have drawn shares many common features 
with Quantum Mechanics, but not all of them. The issue is not here to say if 
QM is right or wrong, but, from the discrepancies with proven results, see what 
are the additional assumptions that arc implicit in the models used in QM. As 
all these models are related to the atomic and subatomic world, it can shed a 
light on what should be the proper adjustments to be done to the representation 
of classical physics to account for the phenomenon encountered at this scale. 

6.1 The axioms of Quantum Mechanics 

Quantum mechanics relies on a few general " axioms" , which are presented more 
or less in the same words in any book on the subject : 

a) The states of a physical system can be represented by " rays" in a complex 
Hilbert space H. Rays meaning that two vectors which differ by the product by 
a complex number of module 1 shall be considered as representing the same 
state. 

b) To any physical measure called an observable, that can be done on the 
system, is associated a continuous, linear, self-adjoint operator tp on H. 

c) Whenever the associated operator ip is compact, the result of any physical 
measure is one of the eigen- values A of (p. 

d) After the measure the system is in the state represented by the corre- 
sponding eigen vector ipx 
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c) The probability that the measure is A is equal to \ {ip\, (with normal- 
ized eigen vectors) 

f) If a system is in a state represented by a normalized vector tp , and an 
experiment is done to test whether it is in one of the states {ipn)n=i which 
constitutes an orthonormal set of vectors, then the probability of finding the 
system in the state tpn is |(V'n, • 

g) When two systems interacts, the vectors representing the states belong 
to the tensorial product of the Hilbert states. 

There are some complications to these axioms to account for the possibility 
that the operators could be continuous on a dense subspace of H only. They are 
not relevant here. 

As I said in the introduction, I will not use the more elaborate formalisations 

of QM using C*-algebras. They are essentially mathematical developments from 
the axioms listed above, without any additional hint at their physical signifi- 
cance. Moreover they are based upon a general assumption - that a physical 
system is defined by the set of its observables - that I do not see as pertinent, at 
least as far as we do not have a better understanding of the physical meaning 
of these observables. 

6.2 Representation of states by vectors of a Hilbert space 

The axioms a and g above are met in our picture, with some differences. 

6.2.1 Rays 

The demonstration on linear maps shows that in our picture the crucial element 
is the positive kernel K. If we define Si = e'^^X^^ (e^) we would still have a linear 
map, with tp = e*^T (x) . So, the vector tp associated to a configuration x can be 
seen as defined up to a complex number of module 1. However the initial chart 
X actually defines a bijective correspondance between potential states ip and 
possible observations x, and, as the choice of a linear chart is arbitrary, there 
is no need to be uncumbered by rays. Similarly the Hilbert space H is always 
defined up to an isometry. 

6.2.2 Super-selection rules 

In Quantum Mechanics some states of a system cannot be achieved (through 
a preparation for instance) as a combination of other states, and thus "super- 
selection rules" are required to sort out these specific states. Here there is a 
simple explanation : because the set Ho is not the whole of H it can happen that 
a linear combination of states is not inside Hq- The remedy is to enlarge the 
model to account for other physical phenomena, if it appears that these states 
have a physical meaning. 



59 



6.2.3 Tensorial product of Hilbert spaces 

Wc have seen that it is possible to replace two separate models of interacting 
systems by a single model using the tensorial product of the variables, and thus 
of the Hilbert spaces. It is clear that this solution is efficient, but it is not 
mandatory. In our picture the physicist has always the choice of the model. 
However any "reasonable" model should be based upon the tensor product. 

6.2.4 Local vs global theory 

There is a fierce debate about the issue of locality in physics, mainly related to 
the "entanglement" of states for interacting particles. It should be clear that the 
formal system that we have built is global : more so, it is its main asset. While 
most of the physical theories are local, with the tools which have been presented 
we can deal with variables which are global, and get some strong results without 
many assumptions regarding the local laws. This is certainly also the case for 
Quantum Mechanics and one of the reasons for its success. However the classic 
interpretation of QM knows only local variables, and thus the need to resort 
to product of systems, and objects as complicated as the Hopf spaces. If any 
model involving a great number of interacting particles would probably always 
be a difficult subject, one can hope that the formalism presented here could 
help. However the key issue stays to find the right model to account for the dual 
behaviour of particles. 

6.2.5 Mixed states 

In QM there is a distinction between "pure states", which correspond to ac- 
tual measures, and "mixed states" which are linear combination of pure states, 
usually not actually observed. There has been a great effort to give a physical 
meaning to these mixed states. 

In our picture such "mixed states" can appear : 

- for discrete obscrvables, which are measured using "reduced observables" 
: they give a point which is outside of the affine spaces H^^ 

- for tensor products : the only tensors which are actually measured are 
given by a couple of vectors, and so are separable tensors 

However the distinction mixed states / pure states does not play any role. 
Indeed the set of states is usually not all the afRne space Hq. The choice of 
variables is up to the physicist, they define the model and any result shall be 
seen in this picture. If the physicist drops part of his model, or introduces 
tensors, the model is changed, this does not impact the system itself, only the 
data which can obtained or their assignation to a mathematical construct. 

6.2.6 Wigner's theorem 

In the genuine Wigner's theorem of QM (see Weinberg for a demonstration) the 

map U can be linear and unitary, or antilinear and antiunitary. But if U depends 
continuously on a parameter then it must be unitary. In our picture we do not 
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have the ehoiee. Anyway, by far, the most usual case is the former. Moreover, 
because the space of states is a projective space in Quantum Mechanics, U is 
defined up to a scalar of module 1. 

6.3 Operators and observables 

The comparison with QM is not easy, as there is no clear definition of the 
observables in QM. Strictly speaking they are scalars quantities (or components 
of vectors) which represent measures which can be done on the system. More 
commonly it is assumed that an observable is associated to any self-adjoint 
operator. 

The scope of observables in our picture is much larger, and more precise. We 
have seen that there is a self-adjoint operator associated to any physical measure 
(a primary observable). It is continuous and compact. And it is possible to define 
secondary observables, which are not necessarily self-adjoint, but constitute a 
C*-algebra. 

So the axioms b,c and e are met. 

6.3.1 Operators with continuous spectrum 

In our picture an observable shall be physically measurable, so by definition it 
is compact and it has a spectrum comprised of eigen values (except possibly 0) 
which are isolated points. 

In QM an observable can be non compact, but it still has a spectral resolution: = 
Jsp(ip) spectrum Sp((p) is a compact of M bounded by ||(^|| . The eigen 

vectors are identified with the eigen spaces of P(s) for the eigen value 1, meaning 
the subspaces P {s) {H). The physical interpretation is that the corresponding 
variable is a random variable (such as the position of a particle). 

In our picture a secondary observable such as = jsp{f) ^^x{s) with an 
infinite spectrum has still a physical meaning. The set of indices I has the car- 
dinality of N thus 2^ has the cardinality of R, so the definition of the map : 
X '■ Sp {(p) — > 2^ has still a determinist physical meaning (it can be injective). 
Actually these cases correspond to variables which are functions, that QM can- 
not handle, but enter fully in our picture. An example is H — sP (s) . Another 
is the position of a particle : the probability is not related to the position of 
the particle at a given time but to its trajc^ctory as a whole. The discrepancy 
between the vahie of the variable and its estimate, due to the finite mimbcr 
of measures, is at the heart of the introduction of probability in our picture, 
whereas Quantum Mechanics puts the probability in the physical reality itself. 

6.3.2 Axiom d (state after a measure) 

This axioms is usually understood as "when any measure is done afterwards, it 
gives the result that the system in the state . 
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In our picture the proeess of measure has no impact on the state of the 
system, which is fully determined before and after the measure, and stays the 
same. 

Whenever a primary observable is measured, one always get the same result 
in the same process. 

The product of secondary observables has no clear meaning in our picture. 
However the product of a secondary and a primary observable gives the same 
result. 

6.3.3 Compatible and commuting observables 

In our picture the primary observables and the secondary compact observables 
cover all the range of measures that can be done simultaneously, in "one batch" . 
and the associated operators commute. 

In Quantum Mechanics it is postulated that the observables whose operators 
do not commute cannot be measured simultaneously. 

The difference stems from that, in Quantum Mechanics, the list of possible 
observables is not given explicitely (and indeed, in the C*-algebra formalism, 
this is the system itself which is supposed to be defined through the operators), 
so the only way to define simultaneous measures is through the composition of 
operators, supposing to represent successive physical measurements. In our pic- 
ture the variables and their properties are the model, they are listed explicitely 
and the question of simultaneous measures can be dealt with directly, and the 
associated operators commute. But the product of observables itself has not a 
clear meaning (except possibly the assignation of values to some variables from 
the result of a previous set of measures) and this operation is not necessary to 
address all the cases. 

Any variable can be added to a model, but it is always assumed that the 
value of these variables can be measured (or estimated through an assignation 
process). It would be useless to add a variable whose value is supposed to be 
computed from the value of the others. Thus, if it is added, it means that the 
purpose is to check the relation from the output of the measures, then this is a 
variable as the others, simultaneously measurable, and the associated operator 
commute. 

For instance the position and the momentum of an object are both observ- 
ables and can be measured simultaneously at the macroscopic level and their 
operators commute in our picture. In Quantum Physics the equivalent vari- 
ables for a particle are defined either by the translation operator or a Fourier 
transform, and it is common to say that the position and momentum cannot 
be simultaneously measured because their operators do not commute. Actually 
the key issue is that the macroscopic model does not hold any more at some 
scale, and thus it does not make sense to use the same variables to represent 
a physical reality which needs other tools. Indeed it is simpler, and has more 
physical sense, to tell that the position and momentum of a particle which can 
behave like a wave cannot be defined as it is done for a macroscopic object, 
than to invoke some axiomatic rule to justify this fact. 
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6.3.4 Probability 



The last axiom left is f : the issue of the "transition probability" from one state 
to another. 

It is sometimes treated as a consequence of the other, by considering the 
operator : ip (ip) — '^n=i (V-'m "0) V-'n- It is compact, self-adjoint, but it has only 
the eigen values and 1, and the axioms cannot tell why one of the vector 
tpn belonging to the same eigen space, should be preferred. If these states were 
related to discrete observables, similarly there is no obvious reasoning to sustain 
this axiom. 

Actually there is an interpretation in our picture, at least for continuous vari- 
ables. The only tests that can be made are if ip belongs to some vector subspace 
Hj generated by the finite family {£j)j^j ■ So the axiom can be reformulated as 
follows : 



Proposition 23 If the system is in a state ip £ — 1 and a first measure 

of the primary observable has shown that tp G Hj then the probability that it 

2 



belongs to Hji for any subset J'C J is 



Yj' (V') 



Proof. The probability that tf) G Hk for any susbset Kc / is Yk (V') 
probability that € Hji knowing that ip G Hj is : 



The 



2 



Yj' (ip) because Yji {ip) = ip and 
6.4 The scale issue 

The fact that Quantum Mechanics does not apply at a macroscopic level is one 
of its major issues. What can we say about the results which are presented in 
this paper ? 

First it is necessary to remind that these resiilts address physical models, 
not systems. No assumption has been made about the nature of the system, 
so they should hold whatever the scale, as far as the model meets the precise 
conditions specified in the first section. 

The critical condition is about the number of " degrees of freedom" , which 
must be infinite. And here this not the complexity of the system, or the number 
of its components which matters, but the kind of variables that the physicist 
choose to represent the system. If the model does not involves any map, we go 
back to the traditional framework of Statistical Mechanics, which offers many 
tools which are similar. Thus models, dealing with macroscopic phenomena 
and represented with variables in infinite dimensional vector spaces, for instance 
problems involving field, would fall in the scope of this paper. However in the 
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most usual cases the Hilbert spaces appear logically in the course of the methods 
of functional analysis which are used. 

Meanwhile the "Quantum scale" requiers this kind of model, because of the 
duality particules / fields (and anyway the problems considered usually involve 
force fields). It is clear that the success of QM stems from its efficiency to deal 
with such issues. 

Our theorems about probability holds at the macroscopic scale. But they 
acquire a real physical significance when one faces the problem of estimating a 
function from a sample of measures. 

At the other end of the scale the present formalism does not stand for models 
in cosmology. Indeed this topic should require an entirely new set of concepts. 



7 CONCLUSION 

In this paper I have set up the framework for a new formal calculation, which 
is general, quite simple to use, and is open to many developments, such as for 
vector bundles and their jet prolongations. Moreover, because each theorem is 
proven under clear conditions, it is easy and safe to implement. 

It validates the general axioms of Quantum Mechanics, and in many way 
it is an answer to many questions which have been debated. The framework 
is more general as in QM, but the methods are close, and so should not be a 
dramatic change for the workers in the field who would want to use it. 

As said in the introduction, no assumption has been done in regard to the 
determinism, the nature of the world, or other philosophical issues. So they stay 
as they should : a matter of personal belief. 

The Quantum World raises many problems, which are far from solved. I 
think that the main topic is still the pertinent model to account for the duality 
particules / fields. It has been muddled for too long by the enigma of the Quan- 
tum Mechanics. As we can see axioms cannot replace a clear representation of 
the subatomic world. 
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